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PREFACE 



In this book authors build algebraic structures on fuzzy unit 
semi open square U F = {(a, b) | a, b e [0, 1)} and on the fuzzy 
neutrosophic unit semi open square U N = {a + bl | a, b e [0, 1)}. 

This study is new and we define, develop and describe 
several interesting and innovative theories about them. We 
cannot build ring on Un or U F . We have only pseudo rings of 
infinite order. 

We also build pseudo semirings using these semi open unit 
squares. We construct vector spaces, S-vector spaces and strong 
pseudo special vector space using U F and Un. As distributive 
laws are not true we are not in a position to develop several 
properties of rings, semirings and linear algebras. Several open 
conjectures are proposed. 
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Chapter One 



Algebraic SraucnjRES 
on the Fuzzy LMr Square 
UF={( a, b) | a, b e [0, 1)} 



In this chapter we for the first time study the algebraic 
structures related with the fuzzy unit square. 

Uf = {(a, b) I a, b e [0, 1)} is defined as the fuzzy unit semi 
open square. 

U N = {a + bl I a, b e [0, 1); I 2 = I; I the indeterminate} is 
defined as the fuzzy neutrosophic unit square. This chapter is 
devoted to the study of algebraic structures only using the fuzzy 
unit semi open square. 

Throughout this chapter U F = {(a, b) I a, b e [0, 1)} is defined 
as the half open fuzzy unit square or semi open fuzzy unit 
square. For (1, 1) <£ U F also (a, 1) for a e [0, 1) and (1. b) for b 
e[0, 1) does not belong to U F . That is (a, 1) and (1, b) g U F . 
We build algebraic structures on U F . 

DEFINITION 1 . 1 : Let U F ={(ct, b) I a, b e [0, 1)} be the fuzzy 
unit semi open square. Define x on U F as follows for (a, b) and 
(c, d) € U F , (a, b) x (c, d) - (ac, bd) € U F ; {U F , x} is a 
semigroup called as the unit fuzzy semi open square semigroup. 
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Clearly o(U F ) = oo. Further U F is a commutative semigroup. 
U F has infinite number of zero divisors. U F can never be made 
into a monoid by adjoining (1, 1) to U F for by very operation 
(1, 1) g U F . U F has subsemigroups and U F has ideals. 

We will illustrate how operations are performed on the fuzzy 
unit semi open square U F . 

Let x = (0.3, 0.7) and y = (0.115, 0.871) e U F . 
x x y = (0.3. 0.7) x (0.115, 0.871) = (0.0345, 0.6097) e U F . 

Let x = (0.7785, 0) and y = (0, 0.113) e U F 
we see x x y = (0, 0). 

Thus it is easily verified U F has infinite number of zero 
divisors. 

Let I = {(0, x) I x e [0, l)jcU F ; clearly I is an ideal of U F . 
Consider J = { (y, 0) I y e [0, l)j c U F ; we see J is an ideal of 
U F . 



J.I = I.J = {(0, 0)}. 

We call I and J as a annihilating pair of ideals. 

Let P = {(x, y) I x, y e [0, 0.5)} c U F ; P is a subsemigroup of 
U F and is not an ideal of U F . Infact U F has infinite number of 
subsemigroups which are not ideals of U F . 
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Dotted lines show they do not belong to U F . 

Further [1, a) and (b, 1] g Uf for all a, b e [0, 1). Also the 
element (1, 1) g Uf. [1,0) g U F . (0, 1] g Uf- Uf is defined as 
the half open fuzzy unit square (or semi open unit square). 

We can using U F build more algebraic structures. 

Let U F be the half open fuzzy unit square. We define on U F 
the operation max so that {Uf, max} is a semigroup infact a 
semilattice. 

We see {Uf, max} is a semigroup of infinite order. Every 
element is an idempotent. Infact every singleton element is a 
subsemigroup of {U F , max}. 

We see every pair of elements in U F need not be a 
subsemigroup. 

Take x = (0.3, 0.71) and y = (0.8, 0.2107) e U F . 
max {x, y} = max {(0.3, 0.71), (0.8, 0.2107)} 

= (max {0.3, 0.8}, max {0.71, 0.2107}) 

= (0.8, 0.71) x or y. 

Thus every pair in U F need not be a subsemigroup under the 
max operation. Flowever P = {x, y, (0.8, 0.71)} c U F is a 
subsemigroup of U F under max operation. 

Let M = {x = (0.9, 0.3), y = (0.7, 0.4), z = (0.69, 0.59), 
u = (0.8, 0.7)} c U F . 

We see M is not a subsemigroup of U F . M is only a subset of 
U F . 

Now max {x, y} = max {(0.9, 0.3), (0.7, 0.4)} = {(0.9, 0.4)} 
£ M. 



max {x, z} = max {(0.9, 0.3), (0.69, 0.59)} = {0.9, 0.59)} g M. 
max {x, u} = max {(0.9, 0.3), (0.8, 0.7)} = {(0.9, 0.7)} M. 
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Now max {y, z} = max {(0.7, 0.4), (0.69, 0.59)} = {(0.7, 
0.59)} e M. 

max {y, u} = max {(0.7, 0.4), (0.8, 0.7)} 

= {(0.8, 0.7)} g M 

max { z, u } = max {(0.69, 0.59), (0.8, 0.7)} 

= {(0.8, 0.7)} g M 



Thus 

M c = {x, y, z, u, (0.7, 0.59), (0.9, 0.7), (0.9, 0.59), (0.9, 0.4)} is 
a subsemigroup defined as the completed subsemigroup of the 
set M cr U F . Any subset can be completed to form a 
subsemigroup under max operation. 

Every subset of U F can be completed to form a subsemigroup 
and however all these completed subsemigroups cannot be 
ideals of U F . 

We will now proceed onto give other algebraic structures 
using U F . 

Now let U F = {(a, b) I a, b g [0, 1)} be the fuzzy unit square 
set. 

Define on U F the min operation on it {U F , min} is the 
semigroup under min operation. 

Let x = (0.7, 0.2) and y = (0.5, 0.8) g U f . 
min {x, y} = min {(0.7, 0.2), (0.5, 0.8)} 

= (min {0.7, 0.5), min {0.2, 0.8}) 

= (0.5, 0.2) g U F . 



This is the way min operation is performed on U F . 

We see if x = (0, 0.9) and y = (0.8, 0) g U f . 
Now min {x, y} = min {(0. 0.9), (0.8, 0)} 

= (min {0, 0.8}, min {0.9, 0}) 
= (0,0) g U F . 
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Thus we see {U F , min} has zero divisors under min 
operation. However {U F , max} under max operation the fuzzy 
set semigroup has no zero divisors. Only {U F , min} be the 
fuzzy set semigroup under min operation. We see {U F , min} 
has zero divisors. 

Infact U F has infinite number of zero divisors. However all 
the zero divisors are of the form x = (0, a) and y = (b, 0); 
min (x, y) = (0, 0) e [0, 1)) be in U F . 
min {x, y} = (0, 0). 

Let P = {x, y} where x = (0.3, 0.9) and y = (0.6, 0.21) e P 
min {x, y} = min {(0.3, 0.9), (0.6, 0.21)} 

= (min {0.3, 0.6} min {0.9, 0.21}) 

= (0.3, 0.21) « P. 

P c = {x = (0.3, 0.9), y - (0.6, 0.21), min {x, y} - (0.3, 0.21)} 
<= U F 



P c is the extended subsemigroup of the subset P. 

Now if P is any set of cardinality two then the completion of 
P, P c is a subsemigroup of order three. 

Let 

P = {x = (0.2, 0.94), y = (0.5, 0.26) and z = (0.3, 0.9)} c U F . 

Clearly P under min operation in U F is not a subsemigroup 
only a subset. 

min {x, y} - min {(0.2, 0.94), (0.5, 0.26)} 

= (min {0.2, 0.5}, min {0.94, 0.26}) 

= (0.2, 0.26) £ P. 

min {x, z} = min {(0.2, 0.94), (0.3, 0.9)} 

= (min {0.2, 0.3}, min {0.94, 0.9}) 

= (0.2, 0.9) £ P 
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min {y, z} = min {(0.5, 0.26), (0.3, 0.9)} 

= (min {0.5, 0.3}, min {0.26, 0.9}) 

- (0.3, 0.26) <2 P. 

Now P c = {x = (0.2, 0.94), y = (0.5, 0.26), z - (0.3, 0.9), 
(2, 0.26), (0.2, 0.9), (0.3, 0.26)} c U F . 

P c is a completed subsemigroup of the subset P of U F . 

This is the way completion of subset in U F is performed in 
order to get a subsemigroup of U F . 

We can find ideals in {U F , min}. 

Let R = {[0, 0.3), min} cr U F . 

R is a subsemigroup as well as an ideal of U F . 

Let M = {(0.7, 1), min} c U F . 

We see M is only a subsemigroup under min operation and M 
is not an ideal for if 

x = (0.3, 0.8) e U F and y = (0.5, 0.9) e M we see 
min {x, y} = min {(0.3, 0.8), (0.5, 0.9)} 

= (min {0.3, 0.5}, min {0.8, 0.9}) 

= (0.3, 0.8) e M. 

So M is only a subsemigroup under min and is not an ideal of 
M. 

We can have infinite number of subsemigroups which are not 
ideals; similarly we see U F under min operation can have 
infinite number of subsemigroups which are ideals. 

We will describe this by the following theorems. 

THEOREM 1.1: Let (U F , min} be a semigroup. 

P = {[a, 1), min where 0 < a} c: U F ; P is a subsemigroup of 
U F - P is not an ideal of U F . 
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Proof is direct so it is left as an exercise to the reader. Now in 
case of {U F , max} the semigroup we have subsemigroups which 
are not ideals. This is described by the following theorem. 

THEOREM 1 . 2 : Let {U F , max} be the fuzzy unit semi open 
square semigroup under max operation. 

M = {(x, y) € [0, a) I a < b < 1 b & a} cr U F is only a 
subsemigroup under max operation and is not an ideal of {U F , 
max}. 

Proof is direct and hence left as an exercise to the reader. 

THEOREM 1 . 3 : Let (U F , x} be fuzzy unit square the semigroup 
under product x. A = / (x, y) e [a, 1); 0 < a, x} cr{U F , x} is 
not a subsemigroup of {U F , xj. 

Proof follows from the simple fact that even a x a g A. 
Hence the claim. 

Let A = { (x, y) I x, y e [0.5, 1), x} c {U F , x} we see (0.5, 
0.6) x (0.5, 0.6) = (0.25, 0.36) € A. 

We now describe other algebraic structures by some 
examples. 

Example 1.1: Let M = { (a x , a 2 , a 3 ) I a ; e U F ; 1 < i < 3, x} be 
the unit fuzzy semi open square semigroup under x. M has 
subsemigroups of infinite order. 

Let x = ((0.3, 0.2), (0.9, 0.4), (0.7, 0.8)) and 
y - ((0.4, 0.7), (0.3, 0.2), (0.6, 0.5)) e M 

x x y = ((0.3, 0.2), (0.9, 0.4), (0.7, 0.8)) x 

((0.4, 0.7), (0.3, 0.2), (0.6, 0.5)) 

= ((0.3, 0.2) x (0.4, 0.7), (0.9, 0.4) x (0.3, 0.2), (0.7, 0.8) 
x (0.6, 0.5)) 



= ((0.12, 0.14), (0.27, 0.08), (0.42, 0.40)) e M. 
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This is the way operation on M is defined. 

M has zero divisors. 

For take x = ((0, 0.2), (0.7, 0) (0.5, 0.2)) and 
y - ((0.7, 0), (0, 0.9), (0, 0)) e M. 

x x y = ((0, 0.2), (0.7, 0), (0.5, 0.2)) x((0.7, 0), (0, 0.9), (0, 0)) 
= ((0, 0.2), (0.7, 0), (0.7, 0), (0, 0.9), (0.5, 0.2), (0, 0)) 

- ((0, 0), (0, 0), (0, 0)) e M. 

Thus M has infinite number of zero divisors. 

Let P = {((a, b), (0, 0), (0, 0)) I a, b e [0, 1), x)cM;Pisa 
subsemigroup and P is an ideal of M. 

Let T = {((0, 0), (a, b), (c, d)) I a, b, c, d e [0, 1), x} cz M; 

T is a subsemigroup and also an ideal; M is infinite order. 

Let P = {((a, b), (c, d), (e, f)) I a, b, c, d, e, f e [0, 0.8), x} c 
M; P is a subsemigroup of M as well as an ideal of M. 

Thus this M has subsemigroups as well as ideals of infinite 
order. 

Example 1.2: Let 



T = 



a; e U F = {(a, b) I a, b e [0, 1), x n } 



be the semigroup under the natural product x n . 

T has infinite number of zero divisors. T has infinite order 
subsemigroups and ideals. 
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Example 1.3: Let 

a i a 2 a 3 a 4 

a 5 a 6 a 7 a 8 

M=j a 9 a 10 a n a 12 a ; e U F = {(a, b) I a, b e [0, 1)}; 

a i3 a i4 a i5 a i6 

L a i7 a i8 a i9 a 2oJ 

1 < i < 20, x n } 

be the fuzzy unit semi open square matrix semigroup. M is of 
infinite order. 

M has several zero divisors. M has subsemigroups and 
ideals of infinite order. 

Example 1.4: Let 

a i a 2 a 3 

M = \ a . 4 a . 5 a . 6 a ; g U F = {(a, b) I a, b e [0, 1), x n } 

a 3 1 a 32 a 33 _| 

be the fuzzy unit semi open square matrix semigroup under 
product x n . 

P has infinite number of zero divisors. P has subsemigroups 
and ideals of infinite order. 

Example 1.5: Let M = { (ai I a 2 a 3 a 4 as I a 6 a 7 a x I a<; aio I an) I a, 
e U F = {(a, b) I a, b e [0, 1), x, 1 < i < 11} be the fuzzy unit 
semi open square row supermatrix semigroup under product. M 
has infinite number of zero divisors. 
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Example 1.6: Let 



T = 



a 2 

a 3 

,d 4_ 

a 5 

a 6 

a 7 

a 9 

a io 



a, e U F = {(a, b) I a, b e [0, 1), x n , 1 < i < 14} 



be the fuzzy unit semi open square super column matrix 
semigroup of infinite order. M has ideals and subsemigroups of 



infinite order. 
Example 1. 7: Let 



a l 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


a 8 


a 9 


a io 


a il 


a i2 


a i3 


a i4 


a i5 


a !6 


a i7 


a i8 


a i9 


a 20 


a 2 i 


a 22 


a 23 


a 24 


a 25 


a 26 


a 27 


a 28. 



a; g U F — {(a, b) I a, b g [0, 1), 



X„, 1 < i < 28} 
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be the fuzzy unit semi open square super matrix semigroup 
under natural product x n . T has infinite number of zero divisors. 

Example 1.8: Let P = { (ai, a 2 , a 3 , a 4 ) I a; e Uf = {(a, b) I a, b e 
[0, 1), 1 < i < 4, min} be the fuzzy unit square row matrix 
semigroup under the min operation. 

Every singleton set is a subsemigroup under min operation. 
Every element x in P is an idempotent. P is a semilattice. 

P has zero divisors and they are infinite in number and P has 
subsemigroups which are not ideals. 

Every ideal in P is of infinite order. 

We have subsemigroups of order one. two. three and so on. P 
has subsemigroups of infinite order also which are not ideals. 

Take A = {(a!. a 2 , a 3 , a 4 ) I a, = (c ; , d ; ); c is d; e [0.3, 1). min, 
I < i < 4 } c P to be a subsemigroup of infinite order. 

It is easily verified A is not an ideal only a subsemigroup. 

B = { (ai, a 2 , 0, 0) I ai = (c, d) a 2 = (b, e) where b. c, d, e e 
[0, 0.4), min} cPisa subsemigroup of infinite order, B is also 
an ideal of infinite order. 

Thus P has infinite number of ideals all of which are of 
infinite order. P also has subsemigroups of infinite order which 
are not ideals. 

P has subsemigroups of finite order which are not ideals. 

T = {(0.3, 0.2), (0, 0.7), (0.9, 0.2), (0.7, (0.111)} cPisa 
subsemigroup of order four and is not an ideal of P. 
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Example 1.9 Let 

[ a i 1 
a 2 
a 3 

S= < 4 a; g U F = {(a. b) I a, b g [0. 1), min. 1 < i < 8} 

a s 

a 6 

a 7 

L a 8 J 

be the fuzzy unit square column matrix semigroup under min 
operation. 

S has infinite number of zero divisors and every element in S 
is an idempotent. S has subsemigroups which are not ideals. 

Take 

M 

P = < , 2 a ; g [0.7, 1), 1 < i < 8, min} <= S, 

L a s J 

P is only a subsemigroup and not an ideal of S. 

|” a i 1 

B = < 2 a; g [0, 0.5), 1 < i < 8, min} c S 

L a s J 



is a subsemigroup which is an ideal of S. 
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Infact S has infinite number of ideals and infinite number of 
subsemigroups which are not ideals. 

Example 1.10: Let 

a i a 2 a 3 a 4 

M = < a " &6 a? &8 a; e U F = {(a, b) I a, b e [0. 1), 

a 9 a i0 a il a i2 

_ a i3 a i4 a i5 a i6 _ 

min, 1 < i < 16} 

be the special fuzzy unit square matrix semigroup of infinite 
order. M has infinite number of zero divisors. Every element in 
M is an idempotent. 

M has ideals and M has subsemigroups which are not ideals. 

M has both finite and infinite ordered subsemigroups. All ideals 
of M are of infinite order. 

Example 1.11: Let 




aj g Uf — {(a, b) I a, b e 



[0, 1)}, min, 1 < i < 65} 

be the fuzzy unit square semigroup of infinite order. S has 
infinite number of zero divisors. Every element in S is an 
idempotent. 

S has infinite number of ideals all of which are of infinite 
order. 
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S has infinite number of subsemigroups which are not ideals 
some are of finite order and some of them are of infinite order. 

Example 1.12: Let V = { (ai I a 2 I a 3 a 4 as a 6 I a 7 ag ag I aio an I 
ai 2 ) I a ; e Uf = {(a, b) I a, b e [0. 1)}. min. 1 < i < 12} be the 
semigroup of super row matrices built using the fuzzy unit half 
open square Uf- 

V too has infinite number of zero divisors. Every element in 
V is an idempotent. 

V has ideals all of which are of infinite order. 

V also has subsemigroups of finite order which are infinite in 
number. 

Example 1.13: Let 



jh 

a 2 

a 3 

a 4 



a 6 

a 7 

ag 

a 9 



a; g U F — {(a, b) I a. b e [0, 1), 1 < i < 10, min} 



a io 



be the fuzzy unit half open square super column matrix 
semigroup of infinite order. 



T has infinite number of zero divisors. 
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Example 1.14: Let 



a , 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


a 8 


a 9 


a io 


a il 


a i2 


a i3 


a i4 


a i5 


a i6 


a , 7 


a i8 


a i9 


a 20 


a 21 


a 22 


a 23 


a 24 


a 25 


a 26 


a 27 


P 

00 


a 29 


a 30 


a 3 l 


a 32 


a 33 


a 34 


a 35 


a 36 



a ; e U F = {(a, b) I a, b e [0, 1), 



1 < i < 36, min} 

be the special fuzzy unit semi open square super column matrix 
semigroup of infinite order. P has subsemigroup and ideals. 

Example 1.15: Let 



r 


/ 














N = I 


a , 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


r 


V a 8 


a 9 


a io 


a il 


a i2 


a i3 


a i4 y 



a ; e U F = {(a. b) I 



a. b g [0, 1), 1 < i < 14, min} 

be the special fuzzy unit semi open super row matrix semigroup. 

N enjoys all properties as that of any row matrix built using 
U F . 




22 | Algebraic Structures on Fuzzy Unit Square ... 

Example 1.16: Let 




[0, 1), 1 < i < 45, min} 

be the special fuzzy unit semi open super matrix semigroup of 
infinite order. Almost all properties mentioned for matrices 
hold good for this S. 

We now give some theorems which will describe the 
properties of a matrix semigroup built using fuzzy unit semi 
open square. 

THEOREM 1.4: Let M = fm x n matrices with entries from 
U F = {(a, b) I a, b £ [0, 1)}, min} be the special fuzzy semi open 
unit matrix semigroup. 

(i) o (M) = oo. 

( ii) M has infinite number of zero divisors. 

( iii ) M has infinite number of idempotents. 

( iv) All singleton sets are subsemigroups ofM. 

( v) All ideals in M are of infinite order. 

( vi ) All subsemigroups of finite order are not ideals. 

(vii) All subsemigroups built using 

A - {(a, b) I a, b € [0, a); a < b < 1 } <z;U F are 
ideals of M. 
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(viii) All subsemigroups P built using elements from 
B - {(a, b) I a, b <g [a, 1), 0 < b < aj cr JJ F are 
never ideals ofM 

(ix) All subsets in M can be completed to form 
subsemigroups which in general are not ideals 
ofM. 

Proof follows from simple deductions and hence left as an 
exercise to the reader. 

We can define additive group using the unit fuzzy square U F . 

U F = {(a, b) I a, b e [0, 1)}. Define ‘+’ on U F modulo 1 as 
(a, b) + (d, c) = (a + d, b + c) for a, b, c, d g U F . 

(0, 0) acts as the additive identity of U F . 

Let x = (0.06, 0.74) and y = (0.9, 0.1) g U F ; 

x + y = (0.06, 0.74) + (0.9, 0.1) 

= (0.96, 0.84) g U F . 

Let x = (0.7, 0.81) then we have unique y = (0.3, 0.19) g U F 
such that 



x + y = (0.7, 0.81) + (0.3, 0.19) 

- (0, 0) g U F . 

We define (U F , +) to be the special fuzzy unit semi open 
square group. 

Having seen such group we now proceed onto use (U F , +) to 
construct such groups which is illustrated by examples. 

Example 1.17: Let W = { (ai, a 2 , a 3 , a 4 , a 5 , a 6 ) I aj g {U F = {(a, 
b) I a, b g [0, 1), 1 < i < 6, +} be a special fuzzy unit semi open 
square row matrix group. 

W has infinite order subgroups and W is abelian. 
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Example 1.18: Let 







a i 




M = 




a 2 








_ a i2 _ 





aj e Uf — {(a, b) I a, b e [0, 1), 1 < i < 12, +} 



be the group of column matrix of the fuzzy unit semi open 
square built using U F . 

M has several subgroups of infinite order. 



W = l 



1.19: 


Let 




a i 


a 2 ... 


a io 


a n 


a i2 


a 20 


a 21 


a 22 


a 30 


a 9 l 


a 92 


a ioo 



cii g U F — {(a, b) I a, b e [0, 1), 



1 <i< 100,+} 

be the fuzzy unit semi open unique square additive group of 
infinite order. W has several subgroups. 



Take 



P = 



a i a 2 
a il a i2 



a 91 a 92 



a io 

a 20 

a 30 



a; e U F = {(a, b) I a, b e 



a 



100 



{0, 0.5}}), 1 <i< 100,+} c W 
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to be the subgroup of W. W is of finite order. 

We have infinite number of subgroups of finite order also. 

Example 1 . 20 : Let S = { (a i I a2 a3 a 4 I as a6 I a 7) I a; g U F = {(a, 
b) I a, b g [0. 1)} . +. 1 < i < 7, +} be the super row matrix group 
of fuzzy unit semi open square. 

P has subgroups of finite and infinite order. 

Example 1 . 21 : Let 



B = 



a 2 

a 3 

a 5 

^6 

a 7 

a 8 



aj g Up = {(a, b) I a, b g [0, 1), +, 1 < i < 12} 



a 9 

a io 



be the special semi open unit fuzzy square super column matrix 
group. 

B has subgroups of finite order. B has subgroups of infinite 
order. 
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Example 1.22: Let 




[0. 1), +. 1 < i < 48 } 



be the special semi open unit square super matrix group under 
+. 

Example 1.23: Let 




a ; e U F = {(a, b) I a. b e 



[0. 1), +, 1 < i < 24} 



be the fuzzy semi open unit square super row matrix group 
under +. 



We see M has both finite and infinite order subgroups. 
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Example 1.24: Let 



a l 


a 2 


a 3 


a 4 


a 5 


a 6 




a 8 


a 9 


a io 


a n 


a i2 


a i3 


a i4 


a i5 


a i6 


a !7 


a i8 


a i 9 


a 20 


a 21 


a 22 


a 23 


a 24 


a 25 


a 26 


a 27 


a 28 


a 29 


a 30 


a 31 


a 32 


a 33 


a 34 


a 35 


a 36 


a 37 


a 38 


a 39 


a 40 


a 41 


a 42 


a 43 


a 44 


a 45 


a 46 


a 47 


a 48 


a 49 


a 50 


a 51 


a 52 



a; g U F — {(a, b) I a, b e [0, 1), 



1 <i<52,+} 

be the fuzzy unit semi open super column matrix square group 
of infinite order. 

THEOREM 1.5: Let M — j m xn matrix with entries from Uf} be 
the unit fizzy semi open unit square group under +. 

(i) M has subgroups of finite order. 

( ii) M lias subgroups of infinite order. 

Proof follows from simple calculation. 

Now we proceed onto describe on Uf an algebraic structure 
using two binary operations. 

Let Uf = {(a, b) I a, b e [0, 1), min, max} be the special fuzzy 
unit square semiring of infinite order. 
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Uf has zero divisors. For if x = (0, 0.7) and y = (0.9, 0) e Uf 
then min { x, y } = { (0, 0) } . 

Infact U F has infinite number of zero divisors. 

Every element under both max and min is an idempotent. We 
see all pairs of the form B = {(0, 0), (x, y) I x, y e [0, 1)} is a 
subsemiring of Uf. 

We can as in case of other algebraic structures complete any 
subset into a subsemiring. 



Let M = {(0, 0), (0.3, 0.5), (0.7, 0.01)} c U F . Clearly M is 
not a subsemiring. 



min {(0.3, 0.5), (0.7, 0.01)} 

= {(0.03, 0.01)}. 

max {(0.3, 0.5), (0.7, 0.01)} = {(0.7, 0.5)}. 

M c = {(0, 0), (0.3, 0.5), (0.7, 0.01), (0.3, 0.01), (0.7, 0.5)} c 
U F is the completed subsemiring of the set M. 

In this way one can easily find the completion of a subset of 

U F . 

We can using {U F , max, min} build several semirings which 
are illustrated by the following examples. 

Example 1.25: Let M = {(a b a 2 , a 3 , a 4 , a 5 ) I a ; e U F = {(a, b) I a, 
b e [0, 1)}, 1 < i < 5, min, max} be the special fuzzy square unit 
semi open row matrix semiring. 



Let x = (0, 0, 0, ai, a 2 ) and y = (ai, a 2 , 0, 0, 0) e M, 
min {x, y} = (0, 0, 0, 0, 0) is a zero divisor. 

Let x = (0.2, 0.7, 0.1, 0.3, 0.01) and 
y = (0.1, 0.8, 0.5, 0.2, 0.4) e M; 
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min {x, y} = (0.1. 0.7, 0.1, 0.2, 0.01) and 
max {x, y} = (0.2, 0.8, 0.5, 0.3, 0.4). 

P = {(0, 0, 0, 0, 0), x, y, min {x, y}, max {x, y})cMisa 
subsemiring of M. 

Let T = {0, 0.7, 0.4, 0.5, 0.2), (0.3, 0.9, 0.6, 0.8, 0.4), (0.2, 
0.6, 0.7, 0.6, 0.3)}. 

min {(0, 0.7, 0.4, 0.5, 0.2), (0.3, 0.9, 0.6, 0.8, 0.4)} 

= (0, 0.7, 0.4, 0.5, 0.2) = t, 
min {(0, 0.7, 0.4, 0.5, 0.2), (0.2, 0.6, 0.7, 0.6, 0.3)} 

- (0.2, 0.6, 0.4, 0.5, 0.2) = t 2 

min {(0.3, 0.9, 0.6, 0.8, 0.4), (0.2, 0.6, 0.7, 0.6, 0.3)} 

- (0.2, 0.6, 0.6, 0.6, 0.3) = t 3 

max {(0, 0.7, 0.4, 0.5, 0.2), (0.3, 0.9, 0.6, 0.8, 0.4)} 

= {(0.3, 0.9, 0.6, 0.8, 0.4)} = t 4 
max {(0, 0.7, 0.4, 0.5, 0.2) (0.2, 0.6, 0.7, 0.6, 0.3)} 

= (0.2, 0.7, 0.7, 0.6, 0.3) = t 5 
max {(0.3, 0.9, 0.6, 0.8, 0.4), (0.2, 0.6, 0.7, 0.6, 0.3)} 

- (0.3, 0.9, 0.7, 0.8, 0.4) = t 6 

Hence T c = {(0, 0.7, 0.4, 0.5, 0.2), t,, t 2 , t 3 , U, t 5 , t 6 , (0.2, 0.6, 
0.7, 0.6, 0.3), (0.3, 0.9, 0.6, 0.8, 0.4)} c M. 



T c is the completed subsemiring of the set T of M. 
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Example 1.26: Let 



a i 

a 2 

a 3 

a 4 

a 5 

a 6 

dll 

a 8 



a; e Uf = {(a, b) I a, b e [0, 1), 1 < i < 12, max, 



a 9 

a io 



min} 



be the special fuzzy unit semi open square semiring. 

N has zero divisors, subsemirings of order two, order three 
and so on can be found. 

We can also complete subsets to form a subsemiring. N has 
subsemirings which are not ideals. Also N has subsemirings 
which are ideals. 

Take 



a i 

0 

0 



At - i 



a; g Up = {(a, b) I a, b g [0, 1)}} c N. 
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Ai is a subsemiring and an ideal of Uf- However Ai is not a 
filter of U F . 

Let 







1 

o 








a 2 




II 

< 




o • • 








1 

o • 





a; e U F = {(a, b) I a, b e [0, 1)}} c N; 



A 2 is a subsemiring and an ideal of U F . 
On similar lines we can have 



An — 



0 

0 

0 



a 



12 J 



a; g U F — {(a, b)l a,b g [0, 1))}cN 



is again a subsemiring which is an ideal of U F and not a filter of 

U F . 



In this way we can find ideals. 
Now if we take 



B = 



a; = (c;, d ; ) where c F d; e [0.5, 1); 1 < i < 12} 



; N; 
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then B is a subsemiring of N and is not an ideal of N. However 
B is a filter of N. 

We have infinite number of filters in N. Also we have 
infinite number of finite subsemirings in N which are neither 
ideals nor filters of N. 

Example 1.27: Let 

a i a 2 a 3 

M = \ a . 4 a . 5 a . 6 a, e U F = {(a. b) I a, b e [0. 1), 

L a 28 a 29 a 3oJ 

1 < i < 30, max, min} 

be the special fuzzy unit square semiring. 

This M also has infinite number of subsets which can be 
completed to form a subsemiring. M also has infinite order 
subsemirings which are ideals and not filters and has infinite 
order subsemirings which are filters and not ideals. 

We also have zero divisors and all subsemirings which has 
zero entry in any of the places in the matrices can never be 
ideals. 

Example 1.28: Let 




a, e Uf = {(a, b) I a, b e 



[0, 1), 1 < i < 50, max, min} 
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be the special fuzzy unit semi open square semiring. V has 
ideals of the form 



Mj = 



& { 0 
0 0 



0 

0 



ai e U F = {(a, b) I a, b e [0, 1)}. 



0 0 ... 0 



max, min} c V 



is a subsemiring which is also an ideal. 



M 2 = 



0 

0 



a 2 

0 



0 0 
0 0 



0 

0 



a 2 e U F = {(a, b) I a, b e [0, 1)}, 



0 0 0 0 0 



max, min} c V 



is a subsemiring which is also an ideal. 



M 6 = 



0 0 
a 6 0 



0 0 0 
0 0 0 



a 6 eU F = {(a, b) I a, b e [0, 1)}, 



0 0 0 0 0 



max, min} c V, 



and so on; 
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M 50 = 



0 

0 



0 0 0 
0 0 0 



0 

0 



a 50 eU F = {(a, b) I a, b e [0, 1)}, 



0 0 0 0 a 50 



max, min} c V 

is again a subsemiring which are also ideals of V. 

Take 



Bo.4 - < 



a, = (Ci, d ; ) where c,, d. 



and 



e [0.4, 1); 1 < i < 50} c V 



Bq.72 — 4 



5 

A 10 



a ; = (c;, di) where Ci, d, e 



[0.72, 1); 1 < i < 50} c V 



are subsemirings which are also filters of V. 



Clearly B 0 .4 and B 0 .72 are not ideals of V. 
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Bq.113 - 1 



3, 3 0 2L-, 3, 3<- 



3 7 So 3 Q 3.1. 



a; = (Cj, di) where c ; , d ; 



g [0.113, 1); 1 < i < 50} c V 



is again a subsemiring which is also a filter. However B 0 .n3 is 
not an ideal of V. 



Example 1.29: Let M = {(a, a 2 I a 3 a 4 a 5 a f) I a 7 ag I a y a,o I a,, a, 2 
a, 3 I a, 4 ) I a; g U F = {(a, b) I a, b g [0, 1), 1 < i < 14, max, min} 
be the special fuzzy unit semi open square super row matrix 
semiring. M is of infinite order. 



Vo.3 = {(^i a 2 1 a 3 a 4 as a6 1 a7 as I &g aio I a,, a, 2 a ,3 I ai 4 ) I aj = 
(Ci, d;) where Cj, di g [0.3, 1); 1 < i < 14} cMis subsemiring as 
well as a filter of M however V 0 .3 is not a ideal of M. 

V 0 . 42 — {(&i & 2 1 ^3 as a6 1 a 7 as I a 9 aio I an a, 2 a^ I a, 4 ) I a; = 
(Ci, di) where Cj, d ; e [0.42, 1); 1 < i < 14} cM isa subsemiring 
which is not an ideal and but is a filter. Infact M has infinite 
number of filters which are not ideals. 

Let T, = {(a, 0l0000l00l00l000l0)| ai eU F = {(a, b) 

I a, b g [0, 1)} c M, 

T 2 = { (0 a 2 1 0 0 0 0 I 0 0 I 0 0 I 0 0 0 I 0) I a 2 g U F = {(a, b) I a, b 
g [0, 1)} c M and so on. 

T 14 ={(0 01000010010010001 a 14 ) I a, g U f = {(a, b) I 
a, b g [0, 1)} cM are all subsemirings which are not ideals of 
M. None of these ideals of filters of M. 

Let A = { (0 0 I 0 0 0 0 I 0 0 I 0 0 I 0 0 0 I 0), (ai a 2 1 a 3 a 4 a 5 a 6 1 
a 7 ag I ag ai 0 I an a, 2 an I a, 4 ) I a; g U F are fixed 1 < i < 14} c M. 
A is a subsemiring of order two which is not an ideal or filter of 
M. 
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Example 1.30: Let 







"a, 


a 2 


a 3 


a 4 


a 5 


a 6 ^ 


V = < 




a 7 


a 8 


a 9 


a io 


a il 


a i2 






V a i3 


a i4 


a i5 


a i 6 


a i7 


a i8y 



a; e U F = {(a, b) I a, b e 



[0, 1), 1 < i < 18. max. min} 

be the special fuzzy unit square matrix super row matrix 
semiring. N has subsemirings of finite order which are not 
ideals and which are not filters. N has infinite number of filters 
which are not ideals. 

Example 1.31: Let 



a i 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


a s 


a 9 


a io 


a n 


a i2 


a i3 


a i4 


a i5 


a i6 


a ,7 


a i8 


a i9 


a 20 


a 21 


a 22 


a 23 


a 24 


a 25 


a 26 


a 27 


a 28 


a 29 


a 30 


a 31 


a 32 


a 33 


a 34 


a 35 


a 36 


a 37 


a 38 


a 39 


a 40 


a 41 


a 42 


a 43 


a 44 


a 45 


a 46 


a 47 


a 48 


a 49 


a 50 


a 5 , 


a 52 


a 53 


a 54 


a 55 


a 56 


a 57 


a 58 


a 59 


a 6 o 



a; g U F — {(a, b) I a, b e [0, 1), 



1 < i < 60, max. min} 
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be the special fuzzy unit semi open square semiring of infinite 
order. 

W has infinite number of finite subsemirings, infinite number 
of subsemirings which are ideals and not filters and some 
infinite number of subsemirings which are filters are not ideals. 



Example 1.32: Let 




e [0, 1), 1 < i < 54, max, min} 

be the special fuzzy unit semi open square semiring. V has 
infinite number of zero divisors. Every element is an 
idempotent with respect to max and min operation. 

V has infinite number of finite subsemirings. 

Now we give a theorem. 

THEOREM 1.6: Let S = {Collection of all m xn matrices with 
entries from Uf = {(a, b) I a, b € [0, 1)}; min, max} be the 
semiring. 

(i) o(S) - oq 

( ii) V has infinite number of zero divisors. 

( Hi) S has infinite number of finite subsemirings. 
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(iv) S has infinite number of infinite order ideals 
which are not filters. 

(v) S has infinite number of infinite order filters 
which are not ideals. 

(vi) S has subsets P of finite or infinite order which 
can be completed to P c to get a subsemiring of 
finite or infinite order respectively. 

(vii) Every x e S is an idempotent with respect to 
min or max operation. 

The proof is direct, hence left as an exercise to the reader. 

Now we proceed onto describe pseudo semirings built using 
the fuzzy unit square U F . 

Let S = {U F = {(a. b) I a, b g [0, 1)}. min. x} be the semiring 
we see the operation min is not distributive over product so only 
we define S to be a pseudo semiring of U F . 

We give the properties enjoyed by S. 

Let x = (0.3, 0.2) and y = (0.5, 0.13) e S 

min {x, y} = min {(0.3, 0.2), (0.5, 0.13)} 

= (0.3, 0.13) g S 

x x y = {(0.3, 0.2) X (0.5, 0.13)} 

= (0.15, 0.026) g S. 

x x min {y, z} ^ min jxxyjxzj in general for x, y, z g S. 

Take x = (0.7, 0.2) , y = (0.5, 0.7) and z = (0.6, 0.5) g S. 

x x min {y, z} = (0.7, 0.2) x min {(0.5, 0.7), (0.6, 0.5)} 

= (0.7, 0.2) x (0.5, 0.5) 

= (0.35,0.10) ... I 

min {x x y, x x z} 

= min {(0.7, 0.2) x (0.5, 0.7), (0.7, 0.2) x (0.6, 0.5)} 

= min {(0.35, 0.14), (0.42, 0.10)} 

= (0.35,0.10) ... II 
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For this pair distributive law is true. 

Let x - (0.14. 0.3), y - (0.2, 0.15) and z - (0.21, 0.4) e S. 

x x min {y, z} = (0.14, 0.3) x min {(0.2, 0.15), (0.21, 0.4)} 

= (0.14, 0.3) x (0.2, 0.15) 

= (0.028,0.045) ... I 

min {xy, xz} = min {(0.14, 0.3) x (0.2, 0.15), (0.14, 0.3) x 
(0.21,0.4)} 

= min {(0.028, 0.045), (0.0294, 0.12)} 

= (0.0294,0.045) ... II 

Clearly I and II are distinct, hence we call S to be a pseudo 
semiring. 

We see S has infinite number of zero divisors with respect to 
min and x. 

All x = (0.3, 0) and y = (0, 0.9) e S then min {x, y} = (0, 0) 
and x x y = (0.3, 0), (0, 0.9) = (0, 0). 

Thus it is a zero divisor with x and min. 

Flowever we show that x and min are distinct. 

For if x = (0.7, 0.92) and y = (0.3, 0.95) e S 
x x y = (0.7, 0.92) x (0.3, 0.95) 

= (0.14,0.9740) ... I 

min {x, y} = min {(0.7, 0.92), (0.3, 0.95)} 

= (0.3,0.92) ... II 

I and II are distinct so the operations on S are distinct 
S = {Uf, x, min} is a pseudo semiring of infinite order. 

P = {(0, a) I a e [0, 1)} <= S is a pseudo subsemiring of S. 



P is also an pseudo ideal of S but P is not a filter of S. 
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R = {(a, 0) I a e[0, 1)} c S is a pseudo subsemiring of S. R is 
also a pseudo ideal but R is not a filter of S. 

Let M = {(a, b) I a, b e [0, 1)} has infinite number of pseudo 
ideals and pseudo subsemirings each of infinite order. 

It is left as an open conjecture whether S has finite pseudo 
subsemirings. 

Now using this pseudo subsemiring M = {U F , x, min} we can 
build matrix pseudo semiring of the fuzzy unit square. 

Example 1.33: Let M = { (ai, a 2 , ..., ai 2 ) I ai e U F = {(a, b) I a, b 
6 [0, 1)} ; 1 < i < 12, x, min} be the special fuzzy unit square 
pseudo semiring of infinite order. M has pseudo subsemiring of 
finite and infinite order. 

M has no filters however M has ideals. 



Pi = { (ai, 0, ..., 0) I a, e U F = {(a, b) I a, b e [0, 1)}, min, x} 
cMbe the pseudo subsemiring which is a pseudo ideal of M. 



P 2 = {(0, a 2 , 0 0) I a 2 e U F = {(a, b) I a, b e [0, 1)}, min, 

xjcMbe the pseudo subsemiring which is also a pseudo ideal 
of M and so on. 



P 12 = {(0, 0, ..., a, 2 ) I a 12 g U F — {(a, b) I a, b e [0, 1)}, min, 
x} c M be the pseudo subsemiring which is also a pseudo ideal 
of M. 

P u = {(a x , a 2 , 0 0) I a,, a 2 e U f = {(a, b) I a, b e [0, 1)}, 

min, xjcMbe the pseudo subsemiring which is also a pseudo 
ideal of M. 

P u = { (a x , 0, a 3 , 0, ..., 0) I ai, a 3 e U F = {(a, b) I a, b e [0, 
1)}, min, x} be the pseudo subsemiring which is a pseudo ideal 
of M. 
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We have several such pseudo subsemirings which are not 
pseudo ideals. 

Thus we have at least 12 C 1 + 12 C 2 + 12 C 3 + 12 C 4 + 12 C 5 + ... + 
12 C 11 number of pseudo subsemirings which are also pseudo 
ideals. 

We are not in a position to know whether we can have finite 
pseudo subsemirings or finite pseudo ideals. 

Consider M 0 . 5 = {(a,, a 2 , a 3 , a 4 , a 5 , ...,. a 12 ) I a ; e {(a, b) I a, b 
e [0. 0.5)} , 1 < i < 12 ; x, min} be the pseudo subsemiring 
which is both an pseudo ideal and pseudo filter. 

It is only in the pseudo semirings we have got both to be a 
pseudo ideals and a pseudo filter. 

Let M 0.3 = { (a x , a 2 , ...., a i5 ) I a ; e {(a, b) I a, b e [0. 0.3), 
1 < i < 15; min, x} c M be the pseudo subsemiring which is 
both a pseudo ideal and a pseudo filter. Thus M has infinite 
number of subsemirings which are ideals and filters of M. 



Example 1.34: Let 







a i 




N = < 




a 2 








_ a 20_ 





a ; e U F = {(a, b) I a, b e [0, 1), 1 < i < 20, x, min} 



be the pseudo semiring of infinite order. 

N has infinite number subsemirings which are pseudo filters 
as well as pseudo ideals. 



This N has infinite number of zero divisors and ideals. 
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Example 1.35: Let 



M = 



■ a e 

v a i 1 



a 2 

a 7 



a io 

a !5y 



a; e U F = {(a, b) I a, b e [0, 1), 



1 < i < 15, x, min} 



be the special fuzzy unit square semiring of infinite order. 



M has atleast i5 Ci + i 5 C 2 + 15C3 + ... + 15 Ci 4 number of 
pseudo ideals which are not pseudo ideals which are not pseudo 
filters. 

Let 



Mq.2 



f a i a 2 

< a 6 a 7 

V a n a i2 



15 J 



a; g U F = {(a, b) I a, b g [0, 0.2), 

1 <i< 15} cM 



be a subsemiring which is a pseudo filter of M. 

Likewise we have infinite number of pseudo ideals and 
pseudo filters all of which are of infinite order. 



Example 1.36: Let 



M = 



a l 


a 2 


a 3 


a 4 


a 5 


a 6 








a io 


a il 








a i5 


a i6 








a 20 


a 21 








a 25 


a 26 








a 30 


a 31 








a 36 



a; e U F = {(a, b) I a, b e [0, 1), 



1 < i < 36, x, min} 
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be the special fuzzy unit semi open square matrix pseudo 
semiring of infinite order. 

P has pseudo subsemiring of infinite order. P has also 
infinite number of pseudo ideals which are also pseudo filters. 
This study is important. 

Example 1.37: Let R = { (ai I a 2 I a 2 a .4 as a6 I a 7 a x a y I a i0 an I 
a [2 ) I ai e Up = {(a, b) I a, b e [0, 1), 1 < i < 12, x, min} be the 
special fuzzy unit semi open super row matrix pseudo semiring. 

We see R has infinite number of pseudo subsemirings which 
are pseudo ideals and pseudo filters. 

Example 1.38 Let 



N = 



a, 

h. 

Ty 

a 4 

a 5 

■ a 6 

ay 

a s 

a 9 

a io 



a; e U F = {(a, b) I a, b e [0, 1), 1 <i< 11, x, min} 



be the special fuzzy unit semi open square super column matrix 
pseudo semiring. 

M has infinite number of zero divisors and idempotents. 
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Example 1.39: Let 



a l 


a 2 


a 3 


a 4 


a 5 


a 6 








a io 


a il 








a i5 


a i6 








a 20 


a 21 








a 25 


a 26 








a 30 


a 3 l 








a 35 


a 36 








a 40 


a 41 








a 45 


a 46 








a 50 


a 51 








a 55 


a 56 








a 60 


a 61 








a 65 


a 66 








a 70 


a 71 








a 75 



a ; e U F = {(a, b) I a, b e [0, 1), 



1 < i < 75, x, min} 



be the special fuzzy unit square super column matrix pseudo 
semiring. 



M has infinite number of zero divisors. 
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Example 1.40: Let 



a i a 2 a 3 


a 4 a 5 


a 6 


a io 


a il 


... a 15 


a i6 


a 20 


a 21 


a 25 


a 26 


a 30 


a 31 


a 35 


a "l£ 


- - - a An 



a; e U F = {(a, b) I a, b e [0, 1), 



1 < i < 40, x, min} 



be the special fuzzy unit semi open square super matrix pseudo 
semiring. 

We see W has pseudo subsemirings which are pseudo filters 
and pseudo ideals. 

Now we proceed onto describe fuzzy unit square pseudo rings 
with examples. 



Example 1.41: Let W = ( Uf, +. x} be the fuzzy unit semi open 
square pseudo ring. We call W only as pseudo ring as + and x 
are distributive over each other. 



Let x = (0.3, 0.7), y = (0.2, 0.1) and z = (0.8, 0.4) e W. 
Consider x x (y + z) = (0.3, 0.7) x ((0.2, 0.1) + (0.8, 0.4)) 

= (0.3, 0.7) x (0, 0.5) 

= (0, 0.35) ... I 

xxy + xxz = (0.3, 0.7) x (0.2, 0.1) + (0.3, 0.7) (0.8, 0.4) 

= (0.06, 0.07) + (0.24, 0.28) 

= (0.3, 0.35) ... II 

I and II are different hence we call W only a pseudo ring. 
Pseudo ring has zero divisors. 
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Let x = (0, 0.74) and y = (0.64, 0) g W 

x x y = (0, 0) hence it is a zero divisor. 

x + y = (0, 0.74) + (0.64, 0) 

= (0.64, 0.74) g W. 



One of the open problems is that can W have finite pseudo 
subrings and finite pseudo ideals? 

Example 1.42: Let 

M = {(a l5 a 2 , a 3 ) I a t g U F = {(a, b) I a, b e [0, 1), 1 <i< 3, x, +} 
be the pseudo subring built on the fuzzy unit semi open square. 

Let Pi = { (ai, 0, 0) I ai e Uf = {(a, b) I a, b e [0, 1), x, +} c 
M, is a pseudo subring as well as pseudo ideal of M. 

P 2 = {(0, a 2 , 0) I a 2 g U F = {(a, b) I a, b g [0, 1), x, +} c M is 
a pseudo subring as well as pseudo ideal of M. 

P 3 = {(0, 0, a 3 ) I a 3 g U F = {(a, b) I a, b g [0, 1), x, +} c M is 
the special fuzzy unit square pseudo subring which is also a 
pseudo ideal. 

Can we have any other pseudo ideal? 



Pi, 2 = { (ai, a 2 , 0) I a 1; a 2 g U f = {(a, b) I a, b g [0, 1), x, +} c 
M, 

Pi, 3 = {(ai, 0, a 3 ) I ai, a 3 g U F = {(a, b) I a, b g [0, 1), x, +} c 
M, 



P 23 = {(0, a 2 , a 3 ) I a 2 , a 3 g U f = {(a, b) I a, b g [0, 1), x, +} c 
M are all pseudo subring which are also pseudo ideals of M. 
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Example 1.43: Let 



V = 



a ; e U F = { (a, b) I a, b e [0, 1), 1 < i < 9, x, + } 



be the fuzzy unit semi open square pseudo ring of infinite order. 

V has atleast 9C1 + 9C2 + 9C3 + 9C4 + 9C5 + 9C6 + 9C7 + 9C8 
number of fuzzy unit square unit pseudo subrings which are 
ideals. 



Example 1.44: Let 



V = 



a, a 



V a n a 



a io 

a 2oy 



a; e U F = {(a, b) I a. b e [0, 1), 



1 < i < 20, x, +} 



be the fuzzy unit square pseudo ring of infinite order. 

V has atleast 20C1 + 20C2 + 20C3 + ... +20Q9 number of 
pseudo subrings which are pseudo ideals of M. 



M has infinite number of zero divisors. 
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Example 1.45: Let 

a i a 2 a 3 a 4 a 5 a 6 

a 7 a 8 a 9 a i 0 a il a i 2 

a i3 a i4 a i5 a i 6 a i7 a i 8 

a i9 a 20 a 21 a 22 a 23 & 24 

M= j a 25 a 26 a 27 a 28 S 29 a 30 ^ G Up = { (a, b) I 

a 31 a 32 a 33 a 34 & 35 S 36 

a 37 a 38 a 39 a 40 S 41 & 42 

a 43 a 44 a 45 a 46 & 47 & 48 

_ a 49 a 50 a 51 a 52 a 53 S 54 _ 

a, b g [0, 1). 1 < i < 54, +, x} 

be the fuzzy unit semi open square pseudo ring. M has atleast 
54 C 1 + 54 C 2 + . . . + 54 C 53 number of pseudo subrings which are 
pseudo ideals of M. M has infinite number of zero divisors. 

Example 1.46: Let M = {(a, a 2 a 3 I a 4 as I ae) I a, e U h = {(a, b) I 
a, b g [0, 1), 1 < i < 6, +, x} be the fuzzy unit semi open square 
super row matrix pseudo ring of infinite order. 

M has pseudo subrings and pseudo ideals. M also has 
infinite number of zero divisors. 

Example 1.47: Let 

a i a 2 a 3 a 4 a 5 a 6 

a 8 

a i5 

a 22 





g [0, 1), 1 <i<28, +, x} 
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be the fuzzy unit semi open square super row matrix pseudo 
ring of infinite order. 

M has pseudo subrings and pseudo ideals of infinite order. 



Example 1.48: Let 



P = 



yh 

a 2 

a 3 

a 4 

a 5 

^6 

a 7 

a 9 



a ; e U F = { (a, b) I a. b e [0, 1), 1 < i < 12, +. x } 



be the special fuzzy unit semi open super column matrix pseudo 
ring of infinite order. 



P has atleast i2 Ci + 12 C 2 + ... + i 2 Cn number of pseudo 
subrings which are pseudo ideals of P. 
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Example 1.49: Let 



a l 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


a 8 


a 9 


a io 


a il 


a i 2 


a i3 


a W 


a i5 


a i6 


a i7 


a i8 


a i9 


a 20 


a 2 i 


a 22 


a 23 


a 24 


a 25 


a 26 


a 27 


a 28 



g Uf — {(a, b) I a, b e [0, 1), 1 < i < 28. 



+, xj 



be the fuzzy unit semi open square super column matrix pseudo 
ring of infinite order. 



Thus M has atleast 28 Ci + 28 C 2 + ... + 2X C 2 7 number of 
pseudo subrings which are pseudo ideals of M. 
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Example 1 . 50 : Let 



a l 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


a 8 


a 9 


a io 


a il 


a i 2 


a i3 


a i4 


a i5 


a i 6 


a i7 


a i 8 


a i9 


a 20 


a 21 


a 22 


a 23 


a 24 


a 25 


a 26 


a 27 


a 28 


a 29 


a 30 


a 31 


a 32 


a 33 


a 34 


a 35 


a 36 


a 37 


a 38 


a 39 


a 40 


a 41 


a 42 


a 43 


a 44 


a 45 


a 46 


a 47 


a 48 


a 49 


a 50 


a 51 


a 52 


a 53 


a 54 


a 55 


a 56 


a 57 


a 58 


a 59 


a 60 



a; e U F = { (a, b) I a, b e 



[0, 1), 1 < i< 60, +, x} 



be the special fuzzy unit semi open square super matrix pseudo 
ring of infinite order. 

This P has atleast 6 oCi + 60C2 + . . . + 60C59 number of distinct 
pseudo subrings which are pseudo ideals of P. 

Now having seen some of the properties we give the 
following theorem. 

Theorem 1.7: Let 

S = jm x n matrices with entries from Uf, +, X J be the special 
fuzzy unit square matrix pseudo ring. 

(i) o(S) - 00. 

(ii) 5 has atleast mxnCi “t~ m xn L 2 H- ••• m xn C( m xn-i) 

number of pseudo subrings which are pseudo 
ideals. 

( Hi) S has infinite n umber of zero divisors. 

The proof is direct and hence left as an exercise to the 
reader. 




52 



Algebraic Structures on Fuzzy Unit Square . . . 



Now we proceed onto define pseudo linear algebras of 
fuzzy unit semi open square over the pseudo ring [0, 1) or over 
the pseudo ring Uf = {(a, b) I a, b e [0, 1), +, x}. 

DEFINITION 1.2: Let V = (U F , +} be an additive abelian group 
using the fuzzy unit semi open square. R = {[0, 1), +, x} be the 
pseudo ring. V is a pseudo vector space over the pseudo ring R. 

Let x = (0.3, 0.75) e V and a = 0.7 e R, 
ax = 0.7 x (0.3, 0.75) = (0.21, 0.525) e V. 

We see in general; 

a (x + y) ^ ax + ay for all a e R and x, y e V. 

Also (a + b) x ^ ax + bx for all a,beR and x e V. That is 

why we call V only as a pseudo vector space over the pseudo 
ring. 

Let a = 0.3, x = (0.7, 0.1) and y = (0.31, 0.25) e V 
a x (x + y) = 0.3 x [(0.7, 0.1) + (0.31, 0.25)] 

= 0.3 [(0.01, 0.35)] 

= (0.003, 0.105) ... I 

Now axx + axy = 0.3x (0.7, 0.1) + 0.3 x (0.31, 0.25) 

= (0.21, 0.03) + (0.093, 0.075) 

= (0.303,0.105) ... II 

Clearly I and II are distinct and are in V ; hence the claim. 

Example 1.51: Let 

W = {(a h a 2 , a 3 ) I a ; e U F = {(a, b) I a, b e [0, 1), 1 < i < 3} be 
the fuzzy unit square pseudo vector space over the pseudo ring 
R = {[0, 1), +, x}. W has subspaces like; 



V 1 = {(a 1 ,0, 0)la |e U F lcW, 

V 2 = {(0, a 2 , 0) I a 2 e U F ] c W 

and V 3 = {(0, 0, a 3 ) I a 3 e U F ] c W are pseudo subspaces of W 
over R. 
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We have W = Vi + V 2 + V 3 is a direct sum and 
Vi n Vj = {(0, 0, 0)}ifi*j, 1 < i, j < 3. 

Apart from this take 

Pi = {((a. 0), 0, 0) I a g [0, 1)}cW 

P 2 = {((0, a), 0, 0) I a g [0, 1)}cW 

P 3 = {(0, (a, 0), 0) I a g [0, 1)}cW 

p 4 = {(0, (0, a), 0) I a g [0, 1)}cW 

P 5 = {(0, 0, (a, 0)) I a g [0, 1)}cW 
and P 6 = {(0, 0, (0, a)) I a e [0, 1)} c W are six pseudo vector 
subspaces of W and P, n P, = (0, 0, 0) if i ^ j, 1 < i < 6 and 
W = Pi + P 2 + . . . + P6 is again a direct sum of pseudo subspaces 
of W. 

We can also say the pseudo space Pj is orthogonal with Pj 
with i * j, 1 < i, j < 6. We see Pi is orthogonal with P 2 but Pi © 
P 2 * W. 



Now we can have several such pseudo subspaces of W. 



Let Mi = { (ai, a 2 , 0) I ai, a 2 , e Uf} c W and 



M 2 = {(0, 0, a 3 ) I a 3 g U F } c W; we see Mi + M 2 = W and 
Mj n M 2 = {(0, 0, 0)}. 



That is Mi is the orthogonal pseudo subspace of M 2 and 
vice versa. 

Example 1.52: Let 







a i 




M = 




a 2 








_ a i5 _ 





^ e U F = {(a, b) I a, b e [0, 1), 1 < i < 15, +} 



be the pseudo vector space over the pseudo ring 
R = {a / a g [0, 1), +, x} 
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M has several pseudo subspaces over R. M also has 
orthogonal pseudo subspaces. 

Finally M can be written as a direct sum of pseudo subspaces. 
Infact dimension of M over R is infinite. 



Example 1.53: Let 



T = 



a, a^ 



a a ti- 



v.a 7 a 8 



*9/ 



a; e U F = {(a, b) I a, b e [0, 1), 



1 <i<9,+} 

be the special fuzzy unit semi open square vector space over the 
pseudo ring R = {a I a e [0, 1), +, x}. 

This T also has pseudo subspaces. Flowever dimension of T 
over R is infinite. 

Example 1.54: Let 



T = 



a i a, a fi 



a; e U F = {(a, b) I a, b e [0. 1), 



1 < i < 21, +} 



be the fuzzy unit semi open square pseudo vector space over the 
pseudo ring R = { [0, 1), +, x}. 

W has an infinite basis and has several pseudo subspaces. 
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Example 1.55: Let 

a. 

a 2 

a s 
a 6 
a 7 

a 9 

a io 

a ll 



be the special unit fuzzy unit semi open square super matrix 
pseudo vector space over the pseudo ring R = { [0, 1), +, x}. 

S has pseudo vector subspaces and S is of infinite 
dimension over R. 

Example 1.56: Let V = {(ai I a 2 a 3 a 4 I a 5 a 6 I a 7 a 8 I a 9 a 10 a u I 
a i 2 ) I a; g U F = {(a, b) I a, b g [0, 1), 1 < i < 12, +} be the special 
fuzzy unit semi open square super matrix pseudo vector space 
over R = {a I a g [0, 1), +, x}; the pseudo ring. 

V is infinite dimensional over the pseudo field R. V has 
infinite number of pseudo subspaces. 

Pi = {(ai I000I00I00I000I0) where a l6 U F = {(a, b) I 

a, b g [0, 1)}, +} c V; 



a F g U F = {(a, b) I a, b g [0, 1), 1 < i < 12, +} 




P 2 = { ( 01 a 2 0 0 I 0 0 I 0 0 I 0 0 0 I 0) where a 2 g U f = { (a, b) I 

a, b g [0, 1)}, +} c V; 
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P 3 = { (0 I 0 a 3 0 I 0 0 I 0 0 I 0 0 0 I 0) where a 3 g U F = { (a, b) I 

a. b g [0, 1)}. +} c V, ..., 

Pn = {(0 I 0 0 0 I 0 0 I 0 0 I 0 0 a 13 I 0) where an eU f = {(a, 

b) I a, b g [0, 1)}, t)cV and 

P i2 = {(0I000I00I00I000I an) where a 12 g U f = {(a, 
b) I a, b g [0, 1)}.+} c Vbe 12 pseudo subspaces of V. 

P,nPj= {(0 I 0 0 0 I 0 0 I 0 0 I 0 0 0 I 0)}, i ^j, 1 <i,j< 12. 

V = Pi + P 2 + . . . + P [2 is a direct sum of pseudo subspaces. 

V is infinite dimensional over R. 

Example 1.57: Let 



a l 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


a 8 


a 9 


a io 


a il 


a i2 


a i3 


a i4 


a i5 


a i6 


a i7 


a i8 


a i 9 


a 20 


a 2 i 


a 22 


a 23 


a 2 4 


a 25 


a 26 


a 27 


a 28 


a 29 


a 30 


a 31 


a 32 


a 33 


a 3 4 


a 35 


a 36 


a 37 


a 38 


a 39 


a 40 


a 41 


a 42 



a; g Uf — {(a, b) I a, b g [0, 1), 



1 <i<42, +} 
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be the fuzzy unit semi open square special super column matrix 
pseudo space over the pseudo ring R = {a I a e [0, 0), +, x}. 

Thus M has several pseudo subspaces. We see M has an 
infinite basis over R. 

M can also be written as a direct sum of pseudo subspaces. 

We can for any pseudo subspace V of M find V 1 such that 
V © V 1 = M. 

For instance let 



a l 


0 


o 


a 2 


0 


0 


a 3 


0 


0 


a 4 


0 


0 


a 5 


0 


~0 


a 6 


0 


0 


a 7 


0 


0 


P 

00 


0 


0 


a 9 


0 


~0 


a io 


0 


0 


a il 


0 


1) 


a i2 


0 


0 


a i3 


0 


0 


a i4 


0 


0 



a; e U F = {(a, b) I a, b e [0, 1), 



1 <i< 14. +} cM 



be a pseudo subspace of V over R. 
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V 1 



o 


a i 


a 2 


o 


a 3 


a 4 


0 


a 5 


a 6 


o 


a 7 


a 8 


o 


a 9 


a io 


0 


a il 


a i2 


0 


a i3 


a i4 


o 


a i5 


a i6 


o 


a i7 


a i8 


o 


a i 9 


a 20 


o 


a 21 


a 22 


0 


a 23 


a 24 


0 


a 25 


a 26 


0 


a 27 


a 28 



aj e U F = {(a, b) I a, b e [0, 1), 



1 <i<28, +} cM, 



V 1 is the pseudo subspace which is the orthogonal subspace 
of M. 
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Thus V © V 1 = M so V n V x = 



o 


0 


o 


o 


0 


0 


0 


0 


0 


o 


0 


0 


o 


0 


~0 


0 


0 


0 


0 


0 


0 


o 


0 


0 


o 


0 


o 


o 


0 


o 


o 


0 


o 


0 


0 


0 


0 


0 


0 


0 


0 


0 



Example 1 . 58 : Let 





"a, a 2 


^3 ^4 ^5 


a 6 


a 7 a 8 ' 




a 9 ... 






... a 16 




a l7 ... 






a 24 




a 25 






a 32 




\ a 33 






a 40 ) 



aj e U F = {(a, b) 



la, b e [ 0 , 1 ), 1 < i < 40 , +} 

be the special fuzzy unit semi open square super row matrix 
pseudo vector space over the pseudo ring 
R = {a I a g[0, 1 ), +, x}. 

The dimension of M over R is infinite and M has pseudo 
subspaces so that M can be written as a direct sum of subspaces. 
Also we can build orthogonal pseudo subspaces for appropriate 
pseudo subspaces of M. 
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Example 1.59: Let 




Uj s U F — {(a, b) I 



a, b g [0, 1), 1 < i < 72, +} 



be the special fuzzy unit semi open square pseudo vector space 
over the pseudo ring R = {a I a e [0, 1), +, x} be the pseudo 
ring. 

Now we proceed onto define pseudo linear transformation 
and pseudo linear operator on pseudo vector spaces. 

Example 1.60: Let 



V = {(a! a 2 ... a 8 ) I a ; g U F = {(a, b) I a, b g [0, 1), 1 < i < 8, +} 
and 



W = 



a. 



a, a 



5 a 6 

a 



v a 7 a 






a; g U F = {(a, b) I a, b g [0, 1), 1 < i < 9, 



+ } be two special fuzzy unit semi open square pseudo vector 
spaces over the pseudo ring R = {a I a g [0, 1), +, x}. 
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Define T : V -» W 



cl, cl-, 



by T ((aj, a 2 , a 8 )) = 



v a 7 



For every (a u a 2 , a 8 ) e V. 



Clearly T is a pseudo linear transformation from V to W. 
Now S : W — > V can also be defined as 



S( 



a 2 a 3 ^ 



v a 7 a 8 a 9 j 



) — ( a U a 2s a 3i a 4i a 5i a 6i a 7i a 8) 



For every 



a 2 a 3 ^ 



V a 7 a 8 a 9 J 



w. 



It is easily verified S is also a pseudo linear transformation 
from W to V. 



Now we can also define pseudo linear operators on V (or W) 
T : V — > V be a map such that 

T ((ai, a 2 , a 8 )) = (ai, 0, a 2 , 0, a 3 , 0, a 4 , 0); 



T is a pseudo linear operator on V. 



Let S : W — > W be a map such that S { 



a, a-, 



a i a - 



V a 7 a 8 



a i 

0 

0 



0 0 " 
a 2 0 . 
0 a 3y 
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S is a pseudo linear operator on W. 
Example 1.61: Let 

a , 

a 2 



be a pseudo vector space over the pseudo ring 
R = {a I a e [0, 1), +, x}. 

Define T : M — > M by 

0 
0 

0 

a i 
a 2 

T is a pseudo linear operator on M. One can study 

Hom R (M, M) and its algebraic structure. 

Now we proceed onto define strong pseudo vector space built 
over the pseudo ring R = {Uf = {(a, b) I a, b e [0, 1)}, +, x} 

DEFINITION 1.3: V is defined as the special fuzzy unit square 
strong pseudo vector space defined over the pseudo fuzzy unit 
semi open square pseudo ring R = {U F , +, x} only if V is an 
additive abelian group and for all a e R and v € V, 
av - va g V. 




SLi g U F — {(a, b) I a, b e [0, 1), 1 < i < 15, +} 




We will illustrate this by some examples. 
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Example 1.62: Let W = {(a b a 2 , a 3 , a 4 ) I a; g U F = {(a, b) I a, b 
g [0, 1), 1 < i < 4, +} be the special fuzzy unit square strong 
pseudo vector space over the pseudo ring 
R = {(a, b) I a. b g [0, 1), +, x} = {U F , +, x}. 

W is of infinite dimension over R. W has strong pseudo 
vector subspaces all of which are of infinite dimension over R. 

Pi = { (a F , 0, 0, 0) I a[ g U F = {(a, b) I a, b e [0, 1), + } c W is 
a pseudo strong vector subspace of W over R. 

Clearly Pi = R. Likewise P 2 is also a pseudo strong vector 
subspace of W over R given by 

P 2 = {(0. a 2 , 0, 0) I a 2 g U F = {(a, b) I a, b g [0. 1). +} c W, 

P 3 = {(0, 0, a 3 , 0) I a 3 g U F = {(a, b) I a, b g [0, 1), +} c W 
and 

P 4 = {(0, 0, 0, a 4 ) I a! g U F = {(a, b) I a, b g [0, 1), +} c W 
are all pseudo strong vector subspace of W over R. 

We see W = Pi + P 2 + P 3 + P 4 and P, n P, = {(0. 0. 0. 0)}; 
i*j, 1 < i, j < 4. 

Thus W is a direct sum of pseudo strong subspaces. 

Interested reader can find other pseudo strong subspaces of W. 
Example 1.63: Let 

r a i i 

S = < 2 a; g U F = { (a, b) I a, b g [0, 1), 1 < i < 10, + } 

_ a io_ 

be the special fuzzy unit square strong pseudo vector space over 
the fuzzy unit square pseudo ring R = {U F = {(a, b) I a, b g [0, 

1)}. 
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S has several subspaces. Also S has subspaces which has 
orthogonal complements. 

For instance if 



a i 

a 2 

a 3 

a 4 



0 

0 

0 

0 



a ; e U F = { (a, b) I a, b e [0, 1), 1 < i < 5. + } c S 



then 



P, = < 



0 

0 

0 

0 

0 

a, 



a; e U F — {(a, b) I a, b e [0. 1), 1 < i < 5, +} c S. 



We see P, 1 + Pi = S and P, is the orthogonal complement of 

Pi. 
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We can also write S as a direct sum of special strong pseudo 
subspaces. 

Example 1.64: Let 

a i a 2 

a 8 a 9 
a i5 a i6 

1 < i < 21, +} 

be the special strong pseudo vector space over {U F , +, x} = R, 
the pseudo ring. 

Example 1.65: Let 

a i a 2 a 3 

T= a . 4 a . 5 a . 6 a, e U F = {(a. b) I a, b e [0. 1), 

a 3 1 a 32 a 33 J 





1 <i<33.+} 

be the special strong pseudo vector space over the pseudo ring 
R = {U F , +, x } . 

We see T has atleast 33C1 + 33C2 + ... + 33C32 number of 
pseudo strong subspaces. 

Example 1.66: Let 

a i a 2 a 3 a 4 

T = 4 a 5 a 6 a 7 a 8 a ; e U F , 1 < i < 12. +} 
a 9 a 10 a n a 12 _ 
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and 



N = 



a 8 

a,, 



ai g Uf, 1 < i < 15, +} 



be two special fuzzy unit square strong pseudo vector spaces 
over the pseudo ring R = {(a, b) I a, b g [0, 1), +, x}. 



T : M — > N be a map such that 



T { 



} = { 



a 2 a 3 

a 5 a 6 

0 0 }. 



a 9 a i0 a il a i2 



d~j Jig dig 

a i0 a il a i2 



Then T is a special strong pseudo linear transformation from 
M to N. 

We can also find special strong pseudo linear operators on M 
and N. 

Finally we can define strong special pseudo linear functional 
f from M to R which is as follows: 



f is a map from M to R ie. f : M — > R is such that 



f( 



) — a 4 + a 8 + a [2 g R. 



That is if a 4 = (0.3, 0.75) 
a 8 = (0.7, 0.42) 
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and a 12 = (0.115, 0.25) then a 4 + a 8 + a i2 = (0.115, 0.42) e R. 

Thus f is a pseudo linear functional. 

Example 1.67: Let M = { (ai, a 2 , a 3 ) I a, e Uf, 1 < i < 3} be the 
special strong fuzzy square unit pseudo vector space over 
R = {U F , +, x}. 

f : M — > R given by 

f(ai, a 2 , a 3 ) = a 3 + a 2 + a 3 

f((0.7, 0.2) (0, 0.7), (0.35, 0.8)) 

- (0.7, 0.2) + (0, 0.7) + (0.35, 0.8) 

= (0.05, 0.7) e R. 

f is a pseudo linear functional on M. 

Thus f {(ai, 0, 0)} = ai 
f{(0, a 2 , 0)} = a 2 
and f { (0, 0, a 3 ) = a 3 

Example 1.68: Let 

a i a 2 a 3 a 4 

a 5 a 6 a 7 a 8 

T = < a 9 a 10 a n a 12 a ; e U F = {(a, b) I a, b e [0, 1), 

a i3 a i4 a i5 a i6 

a 17 a i8 a i9 a 2oJ 

1 < i < 20} 

be the special fuzzy unit square strong pseudo vector space over 
R = {U F , +, x} be the pseudo ring. 
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Let f : T — > R where 





"a, 


a 2 


a 3 


a 4 " 




a 5 


a 6 


a 7 


a 8 




a 9 


a io 


a il 


a i2 




a i3 


a i4 


a i5 


a i6 




l a 17 


a i8 


a i9 


a 2oy 



} — ai + + an + ai6 + an 



f is a pseudo linear functional on T. 






a, 



0 0 0 



0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 



} - ai and so 



f{ 



0 a 2 
0 0 
0 0 
0 0 
0 0 



0 0 A 
0 0 
0 0 
0 0 
0 0 



} = 0. 



Example 1.69 Let 



M= l 



a; e U F = {(a. b) I a, b e [0, 1), 1 < i < 10, +} 



be the special fuzzy unit square strong pseudo special vector 
space over the pseudo ring R = {(a, b) I a, b e [0, 1), +, x}. 
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Define f : M — » R 

a i 
a 2 



a i 

0 

0 
0 
0 
0 
0 
0 
0 
0 

f is a pseudo linear functional on M. 

Example 1. 70: Let 

a i a 2 a 3 a 4 

S = \ a 5 a 6 a 7 a 8 a ; e U F = {(a, b) I a, b e [0, 1), 

_ a 9 a i0 a il a i2 _ 

1 <i< 12} 

be the special fuzzy unit semi open square strong pseudo vector 
space over the pseudo ring R = {(a, b) I a, b e [0, 1), +, x}. 





} — aj + a2 + . . . + aio 




Define f : S — > R 
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a i a 2 a 3 a 4 

by f {( a 5 a 6 a 7 a 8 )} = a 2 + a 6 + a 10 . 

_ a 9 a i0 a il a i2 _ 

f is a pseudo linear functional on S. 

Now we can define the notion of pseudo inner product on 
pseudo vector space over the pseudo ring. 

Example 1.71: Let 



1 2 ai e U F = {(a, b) I a,b e [0. 1), 1 < i < 4} 

a 3 a 4_ 

be the pseudo strong vector space over the pseudo unit fuzzy 
ring R = {(a, b) I a, b e [0, 1). +. x}. 

Let x, y g V we define the pseudo inner product 

J-, [b, b,l 

<x,y)= X a . b i an d y = ' e V. 

i=l L b 3 b 4 J 

(0.3.0.2) (0.8, 0.7)^) f (0.8,0) (0,0.8)^ 

and y = e V 

(0.6, 0.1) (0,0.9) J y (0,0.9) (0.1.0) J 



<x, y) - (0.3, 0.2) (0.8, 0) + (0.8, 0.7) (0, 0.8) + 
(0.6, 0.1) (0, 0.9) + (0, 0.9) (0.1,0) 

= (0.24, 0) + (0, 0.56) + (0, 0.09) + (0, 0) 
- (0.24, 0.65). 

( ) the pseudo inner product. 





The study in this direction is innovative and interesting. 
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Next we proceed onto define special fuzzy unit square 
semivector space. 



Let V = { (ai, a 2 , a 3 ) I a ; e {U F , max}, 1 < i < 3} be the pseudo 
semi vector space over the semiring S = {Uf, min, max}. 

Let x = {(0.3, 0.7), (0.1, 0.02), (0.4, 0.1)} e V; 

for a = {(0.1, 0.2)} e S 

min {(0.1, 0.2) x {(0.3, 0.7), (0.1, 0.02), (0.4, 0.1)}} 

= (min {(0.1, 0.2), (0.3, 0.7)}, min {(0.1, 0.2), (0.1, 0.02)} 

= {( 0 . 1 , 0 . 2 ), ( 0 . 1 , 0 . 02 ), ( 0 . 1 , 0 . 1 )}. 

This is the way min {a, x} e V. 

Likewise we can use in V instead of max operation take a 
semigroup under min. Also we can have max {x, a} or 
min {x, a}. 

Thus for a semigroup under min we can have max or min as 
operation of multiplying by the scalar from the semiring {U F , 
min, max } . Similarly for the semigroup under max we can have 
max or min as operation of multiplying by a scalar. 

Thus we get four types of semivector spaces over the fuzzy 
unit square semiring S = {U F , min, max}. 

We will first illustrate this situation by some examples. 
Example 1. 72: Let 

M, = {(a,, a 2 , a 3 , a 4 ) I a; e {U F }, min, 1 < i < 4} 

M 2 = {(a!, a 2 , a 3 , a 4 ) I a ; e {U F }, max, 1 < i < 4} 

M 3 = {(a,, a 2 , a 3 , a 4 ) I a : e {U F }, max, 1 < i < 4} 

and M 4 = {(ai, a 2 , a 3 , a 4 ) I a ; e {U F }, min, 1 < i < 4} be four 
semi vector over the semiring S = {U F , min, max}. 
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For Mi the scalar product is max. 
for M 2 the scalar product in min. 
for M 3 the scalar product is max. 
and for M 4 the scalar product is min. 

Let x = ((0.2, 0.71), (0.21, 0.1), (0, 0.5), (0.7, 0)), 

y = ((0.5, 0), (0.3, 0.21), (0.8, 0.3), (0, 0.5) e M ; , 1 < i < 4 
and a = (0.8, 0.3) e S. 

min { a, min(x, y) } 

- min {a, ((0.2, 0), (0.21, 0.1), (0, 0.3), (0, 0)} 

- (min {(0.8, 0.3), (0.2, 0)}, min {(0.8, 0.3), (0.21, 0.1)} min 
{(0.8, 0.3), (0, 0.3)}, min {(0.8, 0.3), (0, 0)} 

= ((0.2,0), (0.21, 0.1), (0, 0.3), (0, 0) eM, ... 1 

max {a, min(x, y)} 

= ((0.8, 0.3), (0.8, 0.3), (0.8, 0.3), (0.8, 0.3)) e M 2 ... II 

min {a, max{x, y} } 

= ((0.5, 0.3), (0.3, 0.21), (0.8, 0.3), (0.7, 0.3)) e M 3 ... Ill 

max {a, max{x, y}} 

= ((0.8, 0.71), (0.8, 0.3), (0.8, 0.5), (0.8, 0.5)) e M 4 ... IV 

We see all the four operations for the same set of elements 
yield different elements in Mg 1 < i < 4. 

Flence the claim. 

Thus we have four types of semivector spaces using the 
special fuzzy unit square. 

We will give examples of these four types of semivector 
spaces over the fuzzy unit square semiring (U F , min, max) under 
min or max operation. 
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Example 1. 73: Let 



N = 



a ; e U F = {(a, b) I a, b e [0, 1), 1 < i < 10, max} 



be the special unit fuzzy semi open square semivector space 
over the semirings = {Uf, max, min} under min operation. 

This has several subsemivector spaces over S. 

We can also write M as a direct sum of subsemivector 
spaces. 

Now we can proceed onto describe in few words the notion 
of algebraic structures built using the fuzzy neutrosophic semi 
open unit square. 

We see N s = {a + bl I a, b e [0, 1), I 2 = 1} is the fuzzy 
neutrosophic semi open unit square. Only elements of the form 
x = 0.5 + 0.51 and y = I in N s we have x x y = 0. 

So a + bl where a + b = 0 (mod 1) pave way for zero 
divisors when multiplied by I. 

In the following chapters we will built algebraic structures 
using N s , the fuzzy neutrosophic semi open unit square. 
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However in case of fuzzy unit semi open square U F we have 
if x = (0, a) and y = (b, 0) then x x y = (0, 0). 

However we see this is not true in case of N s . This is the 
marked difference between these two new structures. 

We present the following problems for this chapter. 

Problems 

1. Find some special features enjoyed by fuzzy semi open 
unit square. 

2. What is the difference between fuzzy special interval 
[0, 1) and U F = {(a, b) I a, b e [0, 1)} as semigroups 
under product? 

3. Let P = { (ai, a 2 , ai 0 ) I a ; e U F = {(a, b) I a, b e [0, 1), 
1 < i < 10, x} be the semigroup. 

(i) Prove P has infinite number of zero divisors. 

(ii) Can P have finite subsemigroups? 

(iii) Can P have units? 

(iv) Can P have idempotents? 

(v) Can P have subsemigroups which are not ideals? 

(vi) Can P have ideals of finite order? 
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4. Let 

M 

M=< , 2 a; e U F = {(a, b) I a, b e [0, 1), 1 < i < 9, x} 

W 

be the special fuzzy unit semi open square semigroup of 
infinite order. 

Study questions (i) to (vi) of problem (3) for this M. 



5. 



Let B = 




a; e U F = {(a, b) I a, b e 



[0, 1), 1 < i < 20, x n } be the fuzzy unit semi open 
semigroup. 

Study questions (i) to (vi) of problem (3) for this B. 



6 . 




a; £ U F — {(a, b) I a, b e [0,1), 



1 < i < 60, x n } be the fuzzy unit semi open semigroup. 
Study questions (i) to (vi) of problem (3) for this M. 
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7. Let M = < 



a s a Q 



tt/M ••• a 



49 . 



a; e U F = { (a, b) I a, b e 



[0, 1), 1 < i < 49, x n } be the fuzzy unit semi open square 
matrix semigroup. 

Study questions (i) to (vi) of problem (3) for this M. 

8. Let M = { (ai I a 2 a 3 a 4 1 as a6 1 a 7 1 ag) I a; e Uf = {(a, b) I a, 
b e [0, 1), 1 < i < 8, x n } be the fuzzy unit semi open 
square matrix semigroup. 

Study questions (i) to (vi) of problem (3) for this M. 



9. 




aj e U F = {(a, b) I a, b e [0, 1), 



1 < i < 12, x n } be the fuzzy unit semi open square matrix 
semigroup. 

Study questions (i) to (vi) of problem (3) for this B. 
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10 . 



a l 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


a 8 


a 9 


a io 


a il 


a i 2 


a i3 


a i 4 


a i5 


a i6 


a i7 


a i8 


a i9 


a 20 


a 21 


a 22 


a 23 


a 24 


a 25 


a 26 


a 27 


a 28 


a 29 


a 30 


a 3l 


a 32 


a 33 


a 34 


a 35 


a 36 


a 37 


a 38 


a 39 


a 40 


a 41 


a 42 


a 43 


a 44 


a 45 


a 46 


a 47 


a 48 


a 49 


a 50 


a 51 


a 52 


a 53 


a 54 


a 55 


a 56 


a 57 


a 58 


a 59 


a 60 



a; g Uf — {(a, b) I a, b g 



[0, 1), 1 < i < 60, x n } be the super column fuzzy matrix 
semigroup. 

Study questions (i) to (vi) of problem (3) for this T. 





" a i 


a 2 a 3 a 4 


a 5 a 6 


a 7 a 8 a 9 






a io 






a i8 






V a i9 






a 27 ) 





g Uf = {(a, b) I a, b g [0, 1), 1 < i < 27, x n } be the super 
column fuzzy matrix semigroup. 

Study questions (i) to (vi) of problem (3) for this P. 
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= {(a, b) I a, b e [0, 1), 1 < i < 48, x} be the super column 
fuzzy matrix semigroup. 

Study questions (i) to (vi) of problem (3) for this P. 

13. Study the semigroup B = {Uf, min} of the fuzzy semi 
open unit square. 

(i) Show B has infinite number of ideals. 

(ii) Show B has infinite number of infinite order 
subsemigroups which are not ideals. 

(iii) Show B has no ideals of finite order. 

(iv) Can B have zero divisors? 

(v) Prove B has idempotents of all orders. 

(vi) Show B has no units. 



14. Let M = {(a!, a 2 , ..., aio) I a; e U F = {(a, b) I a, b e [0, 1), 
1 < i < 10, x} be the special fuzzy unit semi open square 
row matrix semigroup under min operation. 



Study questions (i) to (vi) of problem 13 for this M. 
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15. Let T = 



a l 


a 2 . 


.. a 15 


a i6 


a n 


a 30 


a 31 


a 32 


a 45 


a 46 


a 47 


P 

OS 

o 



a ; e U F = {(a. b) I a, b e 



[0, 1), 1 < i < 60, x n } be the special fuzzy unit semi open 
square row matrix of infinite order semigroup. 

Study questions (i) to (vi) of problem 13 for this M. 



16. Let T = 



a ; g U F = {(a, b) I a, b e [0, 



1), 1 < i < 45, x n } be the special fuzzy unit semi open 
square column matrix semigroup of infinite order. 

Study questions (i) to (vi) of problem 13 for this T. 



17. Let T = 



a l 


a 2 ... 


... a 15 


a !6 


a i7 


a 30 


a 3 l 


a 32 


... a 45 


a 46 


a 47 


••• a 60 


a 61 


a 62 


a 75 


a 76 


a 77 


... a 90 



g U F — { (a, b) I a, b 



g [0, 1), 1 < i < 90, min} be the special fuzzy unit semi 
open square matrix semigroup under min. 

Study questions (i) to (vi) of problem 13 for this T. 
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18. Let W = {(a! a 2 1 a 3 1 a 4 a 5 a 6 1 a 7 a 8 1 a 9 ) I a; e U F = {(a, b) I 
a. b e [0, 1). 1 < i < 9, min} be the special fuzzy unit 
semi open super matrix semigroup under min operation. 

Study questions (i) to (vi) of problem 13 for this W. 




a; g Uf — {(a, b) I a, b e [0, 1), 



1 < i < 12. min} be the special unit semi open square 
column super matrix semigroup of infinite order. 

Study questions (i) to (vi) of problem 13 for this P. 



20. Let W = 




a; £ Uf — 



{(a, b) I a, b e [0, 1), 1 < i < 14, min} be the special unit 
semi open square column super matrix semigroup of 
infinite order. 



Study questions (i) to (vi) of problem 13 for this W. 
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21 . 



a l 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


a 8 


a 9 


a io 


a il 


a i2 


a i3 


a i4 


a i5 


a i6 


a n 


a i8 


a i9 


a 20 


a 21 


a 22 


a 23 


a 24 


a 25 


a 26 


a 27 


a 28 


a 29 


a 30 


a 31 


a 32 


a 33 


a 34 


a 35 


a 36 


a 37 


a 38 


a 39 


a 40 


a 41 


a 42 


a 43 


a 44 


a 45 


a 46 


a 47 


a 48 



a; e U F = { (a, b) I a, b e 



[0, 1), 1 < i < 48, min} be the special unit semi open 
square column matrix semigroup of infinite order. 



Study questions (i) to (vi) of problem 13 for this S. 



Prove S has infinite number of zero divisors. 



22 . 







g Uf = {(a. b) I a, b e [0, 1), 1 < i < 81. min} be the 
special unit semi open square column matrix semigroup 
of infinite order. 
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Study questions (i) to (vi) of problem 13 for this M. 
Prove M has infinite number of zero divisors. 



23. Let W = {U F , max} be the special fuzzy unit square 
semigroup under max operation. 

(i) Can W have zero divisor? 

(ii) Prove every element in W is an idempotent. 

(iii) Study the subsemirings and ideals of W. 

(iv) Can W have finite ideals? 

(v) Is it possible for W to have subsemigroups which 
are not ideals of infinite order. 

(vi) Find infinite order subsemigroups of W. 

(vii) Prove every subset of W can be completed into a 
subsemigroup. 



24. Let P = {(a,, a 2 , ..., a 8 ) I a ; e U F = {(a, b) I a. b e [0. 1), 
1 < i < 8. max} be the special fuzzy unit semi open square 
semigroup of infinite order under max operation. 



Study questions (i) to (vii) of problem 23 for this P. 







' a i ’ 




25. Let M = 




a 2 








_ a i5 _ 





a; £ U F — {(a, b) I a. b e [0, 1), 



1 < i < 15, max} be the fuzzy unit semi open square 
column matrix semigroup under max operation. 

Study questions (i) to (vii) of problem 23 for this M. 
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a, a 2 ... a 10 

26. Let T = < 11 12 20 a; e Uf = { (a, b) I a, b e 

a 2i a 22 ••• a 3o 

a 3 1 a 32 ••• a 4oJ 

[0. 1), 1 < i < 40, x} be the special fuzzy unit semi open 
square row matrix of infinite order semigroup. 

Study questions (i) to (vii) of problem 23 for this T. 

a i a 2 ••• a i0 

27. Let W = < a . n a ! 2 a ;° a, e U F = {(a, b) I a, b e 

L a 71 a 72 ••• a 8oJ 

[0, 1), 1 < i < 8, max} be the special fuzzy unit semi open 
square row matrix of infinite order semigroup. 

Study questions (i) to (vii) of problem 23 for this W. 

28. Let M = {(aj a 2 1 a 3 1 a 4 a 5 a 6 1 a 7 a 8 1 a 9 ) I a ; eU F = {(a, b) I 
a, b e [0, 1), 1 < i < 9, max} be the special fuzzy unit 
semi open square row super matrix semigroup under max 
operation. 

Study questions (i) to (vii) of problem 23 for this M. 
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a ; g Uf = {(a, b) I a, b g [0, 1), 



1 < i < 10, max} be the special fuzzy unit semi open 
square column super row matrix semigroup under max 
operation. 

Study questions (i) to (vii) of problem 23 for this V. 



30. 



Let M = 



a ! 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


a 8 


a 9 


a io 


a il 


a i2 


a i3 


a W 


a i5 


a i6 


a i7 


a i8 


a i9 


a 20 


a 21 


a 22 


a 23 


a 24 


a 25. 



a; e U F = {(a. b) I 



a, b g [0, 1), 1 < i < 25} be the special fuzzy unit semi 
open square super matrix semigroup under max operation. 

Study questions (i) to (vii) of problem 23 for this M. 




Algebraic Structures on the Fuzzy Unit Square . . . 



85 



31. 




a ; g Uf 



= {(a, b) I a, b e [0, 1), 1 < i < 56. max} be the special 
fuzzy unit semi open square super matrix semigroup 
under max operation. 

Study questions (i) to (vii) of problem 23 for this M. 



32. 



Let W = 



a l 


a 2 a 3 


a 4 a 5 a 6 


a 7 


P 

oo 




a 9 








a i6 




a !7 








a 24 




a 25 








a 32 _ 





= {(a, b) I a, b e [0, 1), 1 < i < 32, max} be the special 
fuzzy unit semi open square super matrix semigroup 
under max operation. 

Study questions (i) to (vii) of problem 23 for this W. 
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33. 



Let W = 



a , 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


a 8 


a 9 


a io 


a il 


a i2 


a i3 


a i4 


a i5 


a i6 


a i7 


a i8 


a i9 


a 20 


a 2j 


a 22 


a 23 


a 24 


a 25 


a 26 


a 27 


P 

00 


a 29 


a 30 


a 31 


a 32 


a 33 


a 34 


a 35 


a 36 


a 37 


a 38 


a 39 


a 40 


a 41 


a 42 



a; g Uf = {(a, b) I a, b e 



[0, 1), 1 < i < 42} be the special fuzzy unit semi open 
square super column matrix of infinite order under max 
operation. 

Study questions (i) to (vii) of problem 23 for this W. 

34. Let {U F , + } = G be the unit semi open fuzzy square group 
under +. 

(i) Find all subgroups of finite order. 

(ii) Prove G has subgroups of infinite order. 

35. Let M = { (ai, a 2 , a 3 , a 4 , a 5 ) I a; e U F = {(a, b) I a, b e [0, 
1), 1 < i < 5, +} be the special fuzzy unit semi open 
square row matrix group under +. 

(i) Find subgroups of finite order. 

(ii) Can M have infinite number of finite subgroups? 

(iii) Can M have infinite number of infinite subgroups? 
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36. 



Let M = < 



a; t= U F — {(a, b) I a, b e [0, 1), 



1 < i < 17, +} be the unit fuzzy square column matrix 
group under +. 

Study questions (i) to (iii) of problem 35 for this M. 



37. 





1 


a 2 


a 3 


a 4 


a 5 


a 6 




a 7 


a 8 


a 9 


a io 


a il 


a i2 




a i3 


a i4 


a i5 


a i6 


a i7 


a i8 




a i9 


a 20 


a 21 


a 22 


a 23 


a 24 




a 25 


a 26 


a 27 


a 28 


a 29 


a 30 




a 31 


a 32 


a 33 


a 34 


a 35 


a 36 




_ a 37 


a 38 


a 39 


a 40 


a 41 


a 42_ 



U; £ Up — 



{(a, b) I a, b e [0, 1), 1 < i < 42, +} be the fuzzy unit semi 
open fuzzy matrix group of infinite order. 

Study questions (i) to (iii) of problem 35 for this S. 



38. Let M = { (ai, a 2 1 a 3 1 a 4 l as a6 a 7 ag) I aj e Uf = {(a, b) I a, b 
e [0, 1), 1 < i < 8, +} be the fuzzy unit semi open square 
super row matrix group of infinite order. 

Study questions (i) to (iii) of problem 35 for this M. 
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jh 

a 2 

a 3 



39. Let B = 



04 

^5 

a 6 

a 7 

a 8 



a 9 



a 

a 



10 

li 



a 

a 



12 

13 



a; e U F = {(a, b) I a, b e [0, 1), 



1 < i < 15, +} be the fuzzy unit semi open square super 
column matrix group of infinite order. 

Study questions (i) to (vii) of problem 35 for this B. 









a i a 2 


a 3 


a 4 a 5 a 6 


a 7 a 8 " 




40. 


Let M = < 




a 9 ... 






... a 16 










V a i7 






a 24y 





U F = {(a, b) I a, b e [0, 1), 1 < i < 24, +} be the fuzzy unit 
semi open square super row matrix group of infinite 
order. 



Study questions (i) to (iii) of problem 35 for this M. 
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= {(a, b) I a, b e [0, 1), 1 < i < 48, +} be the super matrix 
fuzzy unit semi open square group. 

Study questions (i) to (iii) of problem 35 for this T. 

a i a 2 a 3 a 4 

a 5 a 6 a 7 a 8 

a 9 a i0 a il a i2 

a i3 a i4 a i5 a i6 

a i7 a i8 a i9 a 20 

a 21 a 22 a 23 a 24 

a 25 a 26 a 27 a 28 

a 29 a 30 a 31 a 32 

a 33 a 34 a 35 a 36 

a 37 a 38 a 39 a 40 

a 41 a 42 a 43 a 44 

a 45 a 46 a 47 a 48 

a 49 a 50 a 51 a 52 

a 53 a 54 a 55 a 56 

[0, 1), 1 < i < 56, +} be the super column matrix fuzzy 
unit semi open square group. 

Study questions (i) to (iii) of problem 35 for this T. 
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aj e Uf 



= {(a, b) I a, b e [0, 1), 1 < i < 63, +} be the fuzzy unit 
semi open square group. 

Study questions (i) to (iii) of problem 35 for this T. 

44. {Uf, min, max} be the semiring of fuzzy unit semi open 
square. 

(i) Prove U F has zero divisors with respect to min. 

(ii) Every element x e Uf with { 0, 0 } is a subsemiring 
of {Uf, max, min}. 

(iii) Prove every element in {Uf, max, min} is an 
idempotent with respect to max and min. 

(iv) Prove {Uf, max, min} has finite subsemirings. 

(v) Prove {U F , max, min} has ideals only of infinite 
order. 

(vi) Prove subsets in {U F , max, min} can be completed 
to form subsemirings and the completed 
subsemiring in general is not an ideal. 

(vii) Prove {Uf, max, min} has infinite order 
subsemirings which are not ideals of U F . 

45. Let P = { (ai, a 2 , ..., a, 0 ) I a ; e U F = {(a, b) I a, b e [0, 1), 
1 < i < 10, min, max} be the semiring on the fuzzy unit 
semi open square. 
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(i) Study questions (i) to (vii) of problem 44 for this P. 

(ii) Find all filters of P. 

(iii) Can a subsemiring of P be both filter and an ideal? 

(iv) Can filters in P be a finite order? 

(v) Obtain some special properties enjoyed by P. 

(vi) Can P be a S-semiring? 



46. 



Let M = < 



a; e U F = {(a, b) I a, b e [0, 1), 



1 < i < 19, min, max} be the special fuzzy unit semi open 
square semiring. 

Study questions (i) to (vi) of problem 45 for this M. 



47. Let P = 



“2 

*14 



V a 25 



36 / 



a, e U F = {(a, b) I a, b e 



[0, 1), 1 < i < 36, min, max} be the special fuzzy unit 
semi open square semiring. 

Study questions (i) to (vi) of problem 45 for this P. 



48 . 







a i 


a 2 


a 3 


Let P - < 




a 4 


a 5 


a 6 






_ a 31 


a 32 


a 33_ 



a; g Uf = {(a, b) I a, b e 



[0, 1), 1 < i < 33, min, max} 
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be the special fuzzy unit semi open square column matrix 
semiring. 

Study questions (i) to (vi) of problem 45 for this P. 

49. Let M = { (ai a 2 a 3 I a 4 as a6 a 7 I ag ag I aio) I a; e U F = {(a, 
b) I a, b e [0, 1), 1 < i < 10. min. max} be the unit fuzzy 
semi open square super row matrix semiring of infinite 
order. 

Study questions (i) to (vi) of problem 45 for this M. 



50. Let T = 



g Up — {(a, b) I a, b e [0, 1), 



^8 

a 9 

a,r 



1 < i < 13, min, max} 

be the unit fuzzy semi open square semiring of infinite 
order. 



Study questions (i) to (iii) of problem 35 for this T. 
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51. 



Let M = 



a l 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


a 8 


a 9 


a io 


a il 


a i2 


a i3 


a i4 


a i5 


a i6 


a !7 


a i8 


a i9 


a 20 


a 21 


a 22 


a 23 


a 24 


a 25 


a 26 


a 27 


a 28 


a 29 


a 30 


a 31 


a 32 


a 33 


a 34 


a 35 


a 36 


a 37 


a 38 


a 39 


a 40 


a 41 


a 42 


a 43 


a 44 


a 45 


a 46 


a 47 


a 48 


a 49 


a 50 


a 51 


a 52 


a 53 


a 54 


a 55 


a 56 


a 57 


a 58 


a 59 


a 60 



a, e Uf = {(a, b) I a, b e 



[0, 1), 1 < i < 72, min, max} 
be the special fuzzy unit semi open square semiring. 

Study questions (i) to (vii) of problem 44 for this M. 







a i a 2 


a 3 a 4 


a 5 a 6 a 7 


a s" 




52. Let T = 




a 9 - 






a i6 








v a i7 ••• 






a 24 





= {(a, b) I a, b e [0, 1), 1 < i < 24, min, max} 

be the special fuzzy unit semi open square super row 
matrix semiring. 

Study questions (i) to (vi) of problem 45 for this T. 
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U F = {(a, b) I a, b e [0, 1), 1 < i < 64, min, max} 

be the special fuzzy unit semi open square super row 
matrix semiring. 

Study questions (i) to (vii) of problem 44 for this W. 

54. Let M = {U F , x, min} be the pseudo semiring built using 
the unit fuzzy square. 

Obtain the special features enjoyed by the pseudo 
semiring. 

55. Let T = { (ai, a 2 , a 3 , a 4 . a 5 , a 6 ) I a ; e U F = {(a, b) I a. b e [0, 
1), 1 < i < 6, min, x} be the pseudo semiring. 

(i) Find pseudo subsemiring if any of finite order. 

(ii) Can T have zero divisors? 

(iii) Can T have idempotents? 

(iv) Can T have pseudo ideals? 

(v) Can T have pseudo filters? 

(vi) Can T have a pseudo subsemiring which is both a 
pseudo filter and pseudo ideal? 

(vii) Can T have pseudo ideals of finite order? 
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56 . 







a i 




Let M = 




a 2 








_ a 25_ 





g Uf — {(a, b) I a, b e [0, 1), 



1 < i < 25, min, x} be the special unit semi open fuzzy 
square column matrix pseudo semiring of infinite order. 

Study questions (i) to (vii) of problem 55 for this M. 



57. Let V = 



a Q 



15 a i6 

a 



V a 22 



23 



*28 J 



a ; g U F = {(a, b) I a, b e 



[0, 1), 1 < i < 28, min, x} be the special unit semi open 
fuzzy square pseudo semiring of infinite order. 

Study questions (i) to (vii) of problem 55 for this V. 



58. Let V = 



3, 3r. ... 3, 



3 \ i 3 ... 3 o 



V a 9i a 92 ••• a iooy 



&[ g U F — { (a, b) I a, b e 



[0, 1), 1 < i < 100, min, x} be the fuzzy unit semi open 
square pseudo semiring of infinite order. 

Study questions (i) to (vii) of problem 55 for this V. 



59. Let W = {(ai I a 2 a 3 I a 4 a 5 a-j I ag ag aio I an) I a; e Uf = 
{(a, b) I a, b e [0, 1), 1 < i < 11, min, x} be the special 
fuzzy unit square pseudo semiring of infinite order. 
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Study questions (i) to (vii) of problem 55 for this W. 
60. Let V = 





' a l 


a 2 a 3 a 4 


a 5 a 6 


a 7 a 8 a 9 a 10 




a ll 






a 20 




a 2j 






a 30 




a 31 






a 40 




V a 41 






a 50y 



= {(a, b) I a, b e [0. 1). 1 < i < 50, min, x} be the special 
fuzzy unit semi open square pseudo semiring of infinite 
order. 

Study questions (i) to (vii) of problem 55 for this V. 



61. 



Let N = 



a i 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


a 8 


a 9 


a io 


a il 


a i2 


a i3 


a i4 


a i5 


a i6 


a i7 


a i8 


a i9 


a 20 


a 2j 


a 22 


a 23 


a 24 


a 25 


a 26 


a 27 


a 28 


a 29 


a 30 


a 31 


a 32 


a 33 


a 34 


a 35 


a 36 


a 37 


a 38 


a 39 


a 40 


a 41 


a 42 


a 43 


a 44 


a 45 



a; e U F = {(a, b) I a, b e 
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[0, 1), 1 < i < 45, min, x} be the pseudo semiring. 
Study questions (i) to (vii) of problem 55 for this N. 



62. Can a pseudo ring M = {Uf, +, x} have finite pseudo 
subrings and finite pseudo ideals? 

Enumerate the difference between a ring and a pseudo 
ring. 



63. Let W = {(ai a 2 a 3 a 4 as ) I a ; e Uf = {(a, b) I a, b e [0, 
1), 1 < i < 5, +, x} be the fuzzy unit semi open square row 
matrix pseudo ring of infinite order. 

(i) Can W have finite pseudo subrings? 

(ii) Can W have finite pseudo ideals? 

(iii) Can W have zero divisors? 

(iv) Can W have S-zero divisors? 

(v) Find those pseudo subrings which are not pseudo 
ideals? 

(vi) Obtain some conditions on zero divisors which are 
not S-zero divisors. 

(vii) Can we have finite S-subrings? 

(viii) Is W a S-pseudo ring? 



64 . 







a , 




Let M = 




a 2 








_ a i5 _ 





ai g Uf — {(a, b) I a, b e [0, 1), 



1 < i < 15, +, x} be the pseudo ring. 



Study questions (i) to (viii) of problem 63 for this M. 
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65. Let Mi = < 



a, 


a 2 


a 8 


a 9 


a i0 


a 16 


a i 7 


a i8 


... a 24 


a 25 


3 26 


... a 32 


a 33 


a 34 


... a 40 


a 41 


a 42 


... a 48 


a 49 


a 50 


... a 56 



ai g U F — {(a, b) I a, b e 



[0, 1), 1 < i < 56, +, x} be the pseudo ring. 

Study questions (i) to (viii) of problem 63 for this Mj. 



66. Let T = {(ai I a 2 a 3 a 4 as I a6 a 7 ag I ag ai 0 1 a u I a i2 ) I a; g 
U F = {(a, b) I a, b e [0, 1), 1 < i < 12, +, x} be the unit 
fuzzy square super row matrix semiring of infinite order. 

Study questions (i) to (viii) of problem 63 for this T. 




a; g Uf — {(a, b) I a, b g [0, 1), 



1 < i < 13, +, x} 
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be the super column matrix pseudo ring. 

Study questions (i) to (viii) of problem 63 for this D. 



68. Let B = 



V a 22 



cU 



a A a. 



aj e U F = 



*28 J 



{(a. b) I a, b e [0, 1), 1 < i < 28. +. x} be the fuzzy unit 
semi open square super row matrix pseudo ring. 

Study questions (i) to (viii) of problem 63 for this B. 



69. 



Let W = 




a; 



U F = {(a, b) I a, b e [0, 1), 1 < i < 72, +, x} be the special 
fuzzy unit semi open square super row matrix semiring. 

Study questions (i) to (viii) of problem 63 for this W. 

70. Let T = {(a! a 2 a 3 a 4 ) I a ; e U F = {(a, b) I a, b e [0, 1), 
1 < i < 4, +, x} be the fuzzy unit square pseudo vector 
space over the pseudo ring; R = { [0, 1), +. x }. 

(i) Can T have finite dimensional pseudo subspace? 
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(ii) Can T have finite dimensional pseudo vector 
spaces? 

(iii) Find atleast 4 Ci + 4 C 2 + 4 C 3 pseudo subspaces. 

(iv) Can T have more than 4 Cj + 4 C 2 + 4 C 3 number of 
pseudo subspaces? 




a; g Up — {(a, b) I a, b e [0, 1), 1 < i < 8, 



+, x } be the special fuzzy unit semi open square pseudo 
vector space over the pseudo ring R = {[0, 1), +. x}. 



(i) Can V be finite dimensional over R? 

(ii) Can V have a pseudo subspace of finite 
dimensional? 

(iii) Flow many pseudo vector subspaces V can have? 

(iv) Can every pseudo vector subspace W have an 
orthogonal pseudo vector subspace W so that 
w + W x = V? 



72. Let M = 



a Q a in ... a,, 



a; g U F — {(a, b) I a, b e 



[0, 1), 1 < i < 64, +} be the special fuzzy unit semi open 
square pseudo vector space over the pseudo ring 
R = { [0, 1), +,x}. 
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Study questions (i) to (iv) of problem 71 for this M. 

73. Let V = {(a! a 2 a 3 I a 4 a 5 I a 6 a 7 a 8 a 9 1 a 10 ) I a ; e U F = {(a, 
b) I a, b g [0, 1), 1 < i <10, +} be the special fuzzy unit 
semi open square pseudo vector space over pseudo ring 
R={[0, l),+,x}. 



Study questions (i) to (iv) of problem 71 for this V. 







' a i 


a 2 a 3 


a 4 a 5 a 6 


a 7 a 8 " 




Let W = < 




a 9 






a i6 








a i7 






a 24 








V a 25 






a 32 j 





U F = {(a, b) I a, b g [0, 1), 1 < i < 32, +, x} be the fuzzy 
unit semi open square pseudo vector space over the 
pseudo ring R = { [0, 1), +, x}. 

Study questions (i) to (iv) of problem 71 for this W. 



75. 



a i 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


a 8 


a 9 


a io 


a il 


a i2 


a i3 


a i4 


a i5 


a i6 


a n 


a i8 


a i 9 


a 20 


a 21 


a 22 


a 23 


a 24 


a 25 


a 26 


a 27 


a 28 


a 29 


a 30 


a 31 


a 32 


a 33 


a 34 


a 35 


a 36 


a 37 


a 38 


a 39 


a 40 


a 41 


a 42 


a 43 


a 44 


a 45 


a 46 


a 47 


a 48 



aj g Uf — {(a, b) I a, b g 
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[0, 1), 1 < i < 48, +} be the special fuzzy unit semi open 
square pseudo vector space over the pseudo ring 
R = {[0, 1), +, x}. 

Study questions (i) to (iv) of problem 71 for this T. 



76. 



a l 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


a 8 


a 9 


a io 


a il 


a n 


a i3 


a i4 


a i5 


a i6 


a i7 


a i8 


a i9 


a 20 


a 21 


a 22 


a 23 


a 24 


a 25 


a 26 


a 27 


a 28 


a 29 


a 30 


a 31 


a 32 


a 33 


a 34 


a 35 


a 36 


a 37 


a 38 


a 39 


a 40 


a 41 


a 42 


a 43 


a 44 


a 45 


a 46 


a 47 


a 48 


a 49 


a 50 


a 51 


a 52 


a 53 


a 54 


a 55 


a 56 


a 57 


a 58 


a 59 


a 60 


a 61 


a 62 


a 63 


a 64 


a 65 


a 66 



a,eU F = 



{(a, b) I a, b e [0, 1), 1 < i < 66, +} be the unit fuzzy semi 
open square pseudo vector space over the pseudo ring 
R = {[0, 1), +, x}. 

Study questions (i) to (iv) of problem 71 for this S. 

77. Let V = { (ai a 2 a 3 a 4 a 5 ) I ai e Uf, 1 < i < 5, +} and 



f a i a 2 a 3 

|_ a 5 a 6 a 7 



a 4 

a 8 



aj e Uf, 1 < i < 8, +} be the 



pseudo vector spaces of over the pseudo ring 
R = { [0, 1), +, x}. 
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(i) Find the algebraic structure enjoyed by 
Hom R (V, W) = {T : V — > W where T is a pseudo 
linear transformation from V to W}. 

(ii) Find FIom R (W, V) = {T : W — > V, the collection of 
all pseudo linear transformations from W to V. 

(iii) Compare Hom R (W, V) with FIom R (V, W). 

(iv) Find FIom R (V, V) and FIom R (W, W) and compare 
them and find the algebraic structure enjoyed by 
them. 

78. Let V = {m x n matrices with entries from U F } be the 

special fuzzy unit square pseudo vector space over the 

pseudo ring R = {[0, 1), +. x}. 

(i) Can linear functionals be defined on V? 

(ii) Find Flom R (V,V). 

(iii) Can V have the dual space? 

(iv) Can we define on V an inner product? 

(v) Can V ever be an inner product space? 



79. Let V = 



a ; e U F , 1 < i < 15. +} be the pseudo 



vector space over the pseudo ring R = {[0, 1), +, x}. 

Study questions (i) to (v) of problem 78 for this V. 

80. Let V = { (ai I a 2 a 3 I a .4 as a6 I aj ag ag a i0 ) I a* e U F , 1 < i 
<10, +} be the special pseudo vector space over the 
pseudo ring R = {[0, 1). +. x}. 

Study questions (i) to (v) of problem 78 for this V. 
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81. 



Let M = < 



a; g Uf — {(a, b) I a, b e [0, 1), 



1 < i < 10, +} be the pseudo vector space over the pseudo 
ring R = {[0, 1), +, x}. 

Study questions (i) to (v) of problem 78 for this M. 



82. 



a l 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


a 8 


a 9 


a io 


an 


a i2 


a i3 


a i 4 


a i5 


a i6 


a n 


a i8 


a i9 


a 20 


a 21 


a 22 


a 23 


a 24 


a 25 


a 26 


a 27 


a 28 


a 29 


a 30 


a 3 i 


a 32 


a 33 


a 34 


a 35 


a 36 


a 37 


a 38 


a 39 


a 40 


a 41 


a 42 


a 43 


a 44 


a 45 


a 46 


a 47 


a 48 



a; e Uf, 1 < i 



< 48, +} be the special fuzzy unit semi open square super 
matrix pseudo vector space over the pseudo ring 
R = {[0, l),+,x}. 

Study questions (i) to (v) of problem 78 for this S. 
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83. Obtain any special properties enjoyed by strong special 
pseudo vector space over the unit square pseudo ring 
R={U f ,+,x}. 



84. Let S = < 



a l 


a 2 ' 


.. a 6 


a 7 


a 8 ' 


a i2 


a i3 


a i4 


a i8 


a i 9 


a 20 


a 24 


a 25 


a 26 


a 30 



aj g Uf, 1 < i < 30, +} be 



the special fuzzy unit semi open square pseudo strong 
vector space over the pseudo ring 
R = {(a, b) I a, b g [0, 1), +, x}. 

(i) What is dimension of S over R? 

(ii) Write S as a direct sum of subspaces. 

(iii) Prove S has atleast 30 Ci + 30 C 2 + ... + 30 C 29 number 
of strong special pseudo subspaces. 



(iv) Let M = 





1 


a 2 • 


• a 6 




a 7 


a 8 ' 


a i2 




a i3 


a i4 


& 

OO 




a i9 


a 20 


a 24 




_ a 25 


a 26 


a 30_ 



a; g U F — {(a, b) I a, b 



g [0, 0.5), 1 < i < 30} c S; will M be a strong pseudo 
subspace of S? 
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T (0.3, 0.8) (0.1.0.9) (0.4, 0.1) 0 0 Ol 

0 0 0 0 0 0 

(v) N = J 0 0 0 0 0 0 cz 

0 0 0 0 0 0 

0 0 0 0 0 oj 

S be a subset. Find N . Is N 1 a pseudo strong 
subspace of S? 

(vi) Can S have a finite basis? 

(vii) Can a strong pseudo vector space of S be finite 
dimensional? 

85. Let V = { (ai a 2 \ a 4 as I a 2 \ ag) I a; g U F = {(a, b) I a, 
b g [0, 1), 1 < i < 8, +} be the special fuzzy unit semi 
open square strong special pseudo vector space over the 
pseudo ring R = {U F = { {(a, b) I a, b g [0, 1), +, x}. 

Study questions (i) to (vii) of problem 84 for this V. 

M 

a 2 

a 3 

86. Let T = < — a ; g Uf = {(a, b) I a. b g [0, 1), 1 < i < 

a e 

a v 

a 8 

a^ 

a io 

10, +} be the special pseudo strong vector space over the 
pseudo ring R = {Uf . +. x}. 

Study questions (i) to (vii) of problem 84 for this T. 
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87. Let V = {(a, b. c, d, e) I a. b. c, d, e e (x, y) I x, y e [0, 1), 
+ } be the pseudo strong vector space over the pseudo ring 
R = {Uf, +, x}. 

Study questions (i) to (vii) of problem 84 for this V. 



88. Let M = 



x 22 

*32 



£L[ g U F — {(a, b) I a. b e 



[0. 1), 1 < i < 40, +} be the pseudo vector space over the 
pseudo ring R = {Uf, +, x}. 

Study questions (i) to (vii) of problem 84 for this M. 

89. Let Wi = { (ai, a 2 , a 3 , a 4 , as) I ai e Uf = {(a, b) I a, b e [0, 

1), 1 < i < 5, min} be the fuzzy unit semi open square 

semivector space over the semiring S = {Up, min, max} 
with product min. 

(i) Can W be finite dimensional of Wi over S? 

(ii) Can Wi have subspaces which are orthogonal 
subspaces? 

90. Let W 2 = {(a b a 2 , a 3 , a 4 , a 5 ) I a ; e U F = {(a, b) I a, b e [0, 

1), 1 < i < 5, min} be the fuzzy unit semi open square 

semivector space over the semiring S = {Uf, min, max} 
with product min. 

(i) Study questions (i) to (ii) of problem 89 for this W 2 . 

(ii) Compare Wj and W 2 of problems 88 and 89. 

91. Let W 3 = {(ai, a 2 , a 3 , a 4 , as) I a; e Uf = {(a, b) I a, b e [0, 
1), 1 < i < 5, min} be the fuzzy unit square semi vector 
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space over the semiring S = {Uf, min, max} with product 
min. 

(i) Study questions (i) to (ii) of problem 89 for this W 3 . 

(ii) Compare W j and W 2 with W 3 given in problems 88, 
89 and 90 respectively. 



a i 

a 2 



92. Let T = < 



a; g U F — {(a, b) I a, b g [0, 1), 



1 < i < 15, max} be the special fuzzy unit square 
semivector space over the semiring {U F , min, max}. 

(i) Study questions (i) to (ii) of problem 90 for this T. 

(ii) Construct four types of semivector spaces over 
S = {U F , min, max} and compare them. 



93. Let W = 



a c 



a 






11 a i 2 “13 “14 

a i a,, a,„ a 



a 8 

a. 



a, 

a. 



*16 



*17 



*18 



19 



*20 



a, e U F = {(a, b) 



a, b g [0, 1), 1 < i < 25, min} be the semivector space 
over the semi vector space {Uf , min, max} the semiring 
under min. 



Study questions (i) to (iii) of problem 84 for this W. 
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94. Let W = 



a 3 

a 8 

a,, 



a 4 

a 9 

a,. 



*23 



*25 



*29 



a, e U F = {(a. b) 



a,b e [0, 1), 1 < i < 35, max} be the special unit fuzzy 
square semivector space over the semiring 
{U F , min, max} under the max operation. 



Study questions (i) to (iii) of problem 84 for this W. 



95. Let in W of problem 92 be replaced by min operation; 
Study questions (i) to (iii) of problem 92 for this new 
semi vector space. 



96 . 



Let M = 



| a j a 2 a 3 a 4 a 5 

lL a s 



a 6 a 7 

... a 



14 



a; £ U F — 



{(a, b) I a, b e [0, 1), 1 < i < 14, max} be the special unit 
fuzzy square semivector space over the semiring 
{U F , min, max} under the max operation. 

Study questions (i) to (iii) of problem 84 for this M. 
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£ U F — {(a. b) I a, b e [0, 1), 1 < i < 63, max} be the 
special unit fuzzy square semivector space over the 
semiring S = {U F , min, max} under the max operation. 

Study questions (i) to (iii) of problem 87 for this T. 




Chapter Two 



Fuzzy NfeurROSOPHfc semgrdups 

AND GROUPS USING 

Un = {(a-*I) I a,b e [0,1)} 



In this chapter we for the first time introduce single binary 
operation on the unit fuzzy neutrosophic semi open square 
given by the following diagram. 




This plane will also be known as neutrosophic plane. 
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Un = {a + bl I a, b e [0, 1)} denotes the fuzzy neutrosophic 
semi open square. 

We perform algebraic operations on Un. Other types of 
operations also have been performed on Un- 

Clearly U N = {a + bl I a, b e [0, 1); I 2 = I is the 
indeterminate } . This U N will be known as fuzzy neutrosophic 
semi open unit square. 

DEFINITION 2.1: Let JJ N - (a + bl I a, b e [0, 1), I 2 - 1} be the 
unit fuzzy neutrosophic semi open square. 

Define product x on U N as follows for x - a + bl and 
y - c + dl in U N . 
x xy - (a + bl) x(c + dl) 

- ac + (be + ad + bd) I. 

If ad + bd + be - t and ift > 1 put 
ad + bd + be = t - 1; 

if t < 1 then ad + bd + be - t; {U N , xj is defined as the unit 
semi open square fuzzy neu trosophic semigroup. 

We will illustrate this situation by some examples. 

Example 2.1: Let S = {Un, x} be the unit semi open fuzzy 
neutrosophic semigroup. S = {Un, x} is of infinite order and has 
zero divisors or not is not known. 

Let x = 0.31 + 0.231 and y = 0.2 + 0.1671 e U N . 
xx y = (0.31 + 0.231) x (0.2 + 0.161) 

= (0.31 x 0.2 + 0.23 x .21 + 0.31 x 0.161 + 0.231 x 0.161) 

= (0.062 + 0.0461 + 0.04961 + 0.03681) 

= 0.062 + (0.0460 + 0.0496 + 0.0368)1 
= 0.062 + (0.1324)1 g U N 



Consider x = (0.09 I + 0.01) and y = (0.11 + 0.91) e U N 
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x x y = (0.091 + 0.01) x (0.11 + 0.9) 
= (0.0091 + 0.0011 + 0.0811 + 0.009) 
= (0.009) + (0.0911) g U N 
us = (U N , X). 



Study of the unit fuzzy neutrosophic semi open square is 
interesting. 

Using this unit fuzzy neutrosophic semi open square 
semigroup under product we build more algebraic structures 
which are illustrated by examples. 

Example 2.2: Let 

M = {(ai, a 2 , a 3 , a 4 ) I a ; g Un = {a + bl; 1 < i < 4} be the unit 
fuzzy neutrosophic semigroup of row matrices under product. 

Clearly M has zero divisors. 

If x - (0.3 + 10.41, 0.2 + 0.31, 0, 0.51) 
and y = (0.21, 0.41, 0.81, 0.3) g M. 

x x y = (0.3 + 0.41, 0.2 + 0.31, 0, 0.51) x (0.21, 0.41, 0.81, 
0.3) 

= (0.061 + 0.081, 0.081 + 0.121, 0, 0.151) 

= (0.141, 0.21, 0, 0.151) g M. 

This is the way product is performed on M. Let x = (0, 0, 
0.41, 0.2 + 0.81) and y = (0.31, 0.8 + 0.51, 0, 0) g M. 

We see x x y = (0, 0, 0, 0). 

Example 2.3: Let 

a i 

a 2 

a 3 
a 4 
a 5 
a 6 



N = 



aj g {U N , x}, x n , 1 < i < 6} be the unit fuzzy 




114 



Algebraic Structures on Fuzzy Unit Square ... 



neutrosophic semi open square semigroup of column matrices. 
N has zero divisors. 

N is of infinite order. N has subsemigroups of infinite 
order. 




a, g Un} cNisa subsemigroup of N. 



Infact Pi = Un- 
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be the subsemigroups of Un each of them are of infinite order 
and each Pj = Un for 1 < i < 6. 
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Further Pj n Pj = { 



0 

0 

0 

0 

0 

0 



; i*j, 1 <i, j <6. Pi + P 2 + P 3 + P 4 



+ P 5 + P 6 = Un is the direct sum of subsemigroup of Un. 




U n , x n } c N, 






0 

0 

a 3 

a 4 

0 

0 



a 3 , a 4 g Un, x n } c N and 



W,= 



0 

0 

0 

0 

a. 



a 5 , a 6 g U N , x n } c N 
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are subsemigroups of Un. 



We see W ; nWj = 



0 

0 

0 

0 

0 

0 



1 <i,j<3. 



However N = W! + W 2 + W 3 . This semigroup have pure 
neutrosophic subsemigroup and fuzzy subsemigroups which is 
as follows: 



a i 

a 2 

a 3 

a 4 

a 5 

a 6 



a ; g [0, 1); 1 < i < 6 } c N and 



b , 

b 2 



S 2 = 




b ; g [0, 1); 1 < i < 6} c N 



are subsemigroups of infinite order. 

Si is a neutrosophic semigroup and S 2 is a pure real 
semigroup. 
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Infact S2 is not an ideal of N however Si is an ideal of N. 
Wi, W 2 and W 3 are all ideals of N and Pi, P 2 , P3, P4, P5 and P 6 
are all ideals of N. 

Example 2 . 4 : Let 



a, a. 



T = 



a Q a,. 



a 8 

a,, 



a ; e {U N , x}, x n , 1 < i < 12} 



be a fuzzy neutrosophic semi open unit square semigroup under 
product. T is of infinite order and is commutative. 



T has several subsemigroups and ideals of infinite order. 



Example 2 . 5 : Let 




ai U N , x n . 



1 < i < 32} 



be the special unit neutrosophic fuzzy semi open unit square 
semigroup of infinite order. 

S has number of subsemigroups and ideals all of them are of 
infinite order. S has infinite number of zero divisors and no 
idempotents. 

S has no unit. 

Example 2 . 6 : Let 

a i a 2 a 3 
a 4 a 5 a 6 
a 7 a 8 a 9 



A = 



ai e U N , 1 < i < 9, x n } 
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be the fuzzy neutrosophic unit square semigroup of infinite 
order. A has no unit elements. A has no idempotents. A has 
subsemigroups and ideals of infinite order. 

Inview of all these study we have the following theorem the 
proof of which is direct. 

THEOREM 2.1: Let Un = {a + hi I a, b e [0, 1), I 2 — I, x} be 
the special fuzzy neutrosophic unit square semigroup. 

(i) o(U N )-oo. 

( ii) Un is commutative. 

( Hi) U N is of infinite order. 

(iv) Un has no unit. 

(v) U N has no zero divisors. 

( vi ) U N has no idempotents. 

(vii) U N has pure neutrosophic fuzzy subsemigroup 

which is an ideal. 

(viii) U N has pure fuzzy subsemigroup which is not 
an ideal. 

(ix) landl0U N . 



Proof is direct and hence left as an exercise to the reader. 

THEOREM 2.2: Let M — (m xn matrices with entries from Un j; 
{ M , x n } is a fuzzy neutrosophic semi open unit semigroup. 

(i) \M\ = oo. 

(ii) M is commutative. 

( Hi ) M has infinite number of zero divisors. 

(iv) M has no idempotents. 

(v) M has no units. 

(vi) M has subsemigroups which are not ideals. 



The proof is direct hence left as an exercise to the reader. 
We leave the following as an open conjectures. 
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Conjecture 2.1: Can Un have subsemigroups of finite order? 
Conjecture 2.2: Can M have subsemigroups of finite order? 
Conjecture 2.3: Can M have ideals of finite order? 

Conjecture 2.4: Can U N have ideals of finite order? 

Conjecture 2.5: Can Un have units under x? 

We now proceed onto define other types of operation max 
or min. 

DEFINITION 2.2: Let U N be the special neutrosophic fuzzy semi 
open unit square. Define max operation on U N . {U N , max} is a 
semigroup, which is also a semilattice of infinite order. 

We will show how operations on {Un, max} are performed. 

Let x = 0.3 + 0.81 and y = 0.35 + 0.251 e Un- 
max {x, y } — 0.35 + 0.81 e Un- 

This is the way max operation is performed on U N . 

We see max {x, x} = x for all x e Un- max {x, 0} = x. 
Thus U N has no zero divisors and every element is an 
idempotent. 

Further Un has subsemigroups of all orders from one to go. 

Every x e Un is a subsemigroup under max operation. 

Every {x, 0} where x e Un is a subsemigroup under max 
operation. 

If P = { x, y } then if max { x, y } ^ x or y and if max { x, y } = 
z and z^ x and y ^ z then Pu { z } is a subsemigroup of order 
three. We call P u {z} as the completion of the set P or the 
completed subsemigroup of the set P and it is denoted by P c . 

Let x = 0.31 + 0.45 and y = 0.35 + 0.351 e Un- 
max {x, y} = {0.31 + 0.45} 

= max {0.31 + 0.45, 0.351 + 0.35} 
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= max {0.35, 0.45} + max {0.31, 0.351} 

= 0.45 + 0.351. 

Thus T = {x, y, 0.45 + 0.351} is a subsemigroup of order 
three and T is called the completed subsemigroup of the set 
{x, y} of U N . 

Let P = {0.02 + 0.31, 0.4 + 0.01, 0.6 + 0.091} c U N . 

Now max {0.02 + 0.31, 0.4 + 0.01} 

= {0.4 + 0.31} 

max {0.02 + 0.31, 0.6 + 0.0091} 

= {0.6 + 0.31} 

max {0.4 + 0.01, 0.6 + 0.0091} 

= { 0.6 + 0 . 01 } 

Thus P u {0.4 + 0.31, 0.6 + 0.31, 0.6 + 0.01} is a 
subsemigroup of order six. 

We can have subsemigroups of all orders under the max 
operation. 

Also if we have a subset of U N which is not a subsemigroup 
then it can be completed to form a subsemigroup. 

Inview of all these we have the following theorem. 

THEOREM 2.3: Let S - (U N , max} be the special fuzzy 

neutrosophic unit square semigroup under max operation. If 
P = fxj, x n I Xj e U N , 1 <i <n} c U N be only a subset then 
(P u { max fx h Xj}; i + /', / < i, j < nj cr U N is the completed 
subsemigroup of the set P. 

Proof is direct and hence left as an exercise to the reader. 



Now we give more number of semigroups using {U N , max}. 
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Example 2. 7: Let 

M = { (ai, a 2 , a 3 , a 4 , as) I a; e Un, 1 < i < 5, max} be the fuzzy 
neutrosophic unit square semigroup under max operation. M 
has no zero divisors. M has infinite number of subsemigroups. 
M has also ideals. 

Let P = {(0.31 + 0.2, 0.41 + 0.03, 0.331 + 0.231, 0.315 + 
0.31, 0.2015 + 0.30011)} e M. P is a subsemigroup of order 
one. Clearly M is also an idempotent fuzzy neutrosophic unit 
square subsemigroup of infinite order. 

Example 2.8: Let 

|” a i 1 

a 2 

a 3 

N = < 4 ai e Un, 1 < i < 8, max} 

a s 

a 6 

a 7 

L a 8 J 

be the special fuzzy neutrosophic semi open unit square column 
matrix semigroup of infinite order. 

Example 2.9: Let 

a i a 2 a 3 

P=< 4 , 5 , 6 aj e Un, 1 < i < 48, max} 

l_ a 46 a 47 a 48 J 

be the semigroup matrix of infinite order. P has several 
subsemigroups. 
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Infact any subsemigroup 



0 0 0 



a ; g Un, 1 < i < 3, max} 



0 0 0 



is not an ideal if it contains even one zero entry in its matrix. 
Thus P has several subsemigroups which are not ideals. 



aj g T = {a + bl I a, b g [0.4. 1)}. max, 



1 < i < 48} cP 



is a subsemigroup. S is an ideal of P. 



a i a 2 a 3 



a 4 a 5 a 6 



ai g B = {a + bl I a, b g [0, 0.3), max}. 



1 < i < 48} cP 



be the subsemigroup of P. Clearly V is not an ideal of P. 
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Example 2.10: Let 

W = { (ai a 2 a 3 I a 4 I a 5 a 6 a 7 I a 8 a 9 I ai 0 ) I a ; g U N , 1 < i < 10, 
max} be the special fuzzy neutrosophic unit square row super 
matrix semigroup under max operation. W has several 
subsemigroups which are not ideals. Also W has subsemigroups 
which are ideals. We just give an one or two ideals of W. 



Take Mi = { (ai a 2 a 3 I a 4 I as a6 a 7 I a 8 a 9 I ai 0 ) I a ; = aj + bjl 
where aj, bj g [0.5, 0.932), 1 < j < 10, and 1 < i < 10} cr W. 

We see Mi is a subsemigroup which is also an ideal of W. 



Consider Nj = { (ai a 2 a 3 I a 4 I as a6 a 7 I a 8 a 9 I ai 0 ) I a; = ci + 
d,I, Ci, dj g [0, 0.342), 1 < i < 10} c W, Ni is a subsemigroup 
which is clearly not an ideal of W. 

Thus W has infinite number of subsemigroups which are 
ideals and infinitely many subsemigroups which are not ideals. 



Thus these infinite fuzzy neutrosophic unit square 
semigroup leads to both ideals as well as subsemigroups which 
are not ideals. 



Example 2.11: Let 



M = 



a; G U N , 



<i< 12} 
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be the fuzzy neutrosophic unit square matrix semigroup of super 
column row matrix under the max operation. 

M is commutative. 

M has infinitely many subsemigroups of finite order. 

Let 



0.01 

0.21 + 0.3 
0 
0 
0 

0.71 + 0.21 
0.25 + 0.81 
0.47 + 0.741 
0 
0 
0 
0 

{X, max} is a subsemigroup of order one. 

Infact M has infinitely many subsemigroups of order one. 
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Consider 

0.31 + 0 . 2 ] r 0.21 + 0.1 
0.41 + 0.8 0.041 + 0.08 

0.3 + 0.71 0.03 + 0.071 

0.4 + 0.51 0.04 + 0.051 

0 0 

0.41 + 0.2 0.21 + 0.1 

0 ’ 0 
0 0 

031 021 

0.2 0.1 

0.81 + 0.7 0.61 + 0.6 

0.9 + 0 . 23 lJ [ 0.8 + 0.131 

T is a subsemigroup under the max operation. 

Infact T is not an ideal. We have infinite number of 
subsemigroups of infinite order in M. 

Clearly none of the subsemigroups of finite order in M are 
ideals of M. 

Example 2.12: Let 

a i a 2 a 3 

M=< : : : a, e Un. 1 < i < 15. max} 

_ a i3 a i4 a i5 _ 

be the special fuzzy neutrosophic unit square matrix semigroup 
under max operation. 





M has infinite number of subsemigroups and ideals. 
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Example 2.13: Let 



a l 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 










a i 2 


a i3 










a i8 


a i9 










a 24 


a 25 










a 30 


a 31 










a 36 


a 37 










a 42 


a 43 










a 48 


a 49 










a 54 


a 55 










a 60 


a 61 










a 66 



aj e Un, 1 < i < 66. max} 



be the special fuzzy neutrosophic semigroup of infinite order. 
P has infinite number of subsemigroups as well as ideals. 

Example 2.14: Let B = {U N , min} be the special neutrosophic 
fuzzy unit square under the min operation. B is of infinite 
order. We see B has no zero divisors and every element is an 
idempotent. Every singleton is a subsemigroup and is not an 
ideal of B. 

Let x = {0.341 + 0.2231 } cB.xisa subsemigroup of B. 

Let x = 0.4 + 0.2241 and y = 0.3 + 0.7711 e B. 
min {x, y} = min {0.4, 0.3} + min {0.2241, 0.7711} 

= 0.3 + 0.2241 e B. 

Hence C = {x, y, 0.3 + 0.2241} is a subsemigroup of order 
three. 

Let x = 0.4 + 0.741 and y = 0.3 + 0.581 e B. 



min {x, y} = min {0.4, 0.3} + min {0.741, 0.581} 
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= 0.3 + 0.581 e B 

= y- 

We see P = {x, yj c B is a subsemigroup of order two we 
see P is not an ideal. If X = {xi, x 2 , ..., x n } cr U N with min {Xj, 
Xj } ^ x k for any k; 1 < k < n, { i + j } then we can define extended 
or complete x to be a subsemigroup called the completed 
subsemigroup of the subset X. 

We will illustrate this situation by some examples. 

Let X = {x, = 0.1 + 0.21. x 2 = 0.7 + 0.0041, x 3 = 0.61 + 0.5, 
x 4 = 0.91 + 0.3, x 5 = 0.941 + 0.227} cr Un be the subset of Un- 
Clearly {X, min} is not a subsemigroup. 

But we complete X into a subsemigroup. 

The proof is as follows: 

min {x l5 x 2 } = min {0.01 + 0.21, 0.7 + 0.0041} 

= {0.0041 + 0.01} = Zi 

min {xi, x 3 } = min {0.1 + 0.21, 0.61 + 0.5} 

= {0.1 +0.21} =Z 2 

min {xi, x 4 } = min {0.1 + 0.21, 0.3 + 0.91} 

= {0.1 +0.21} =Z 3 

min {xi, x 5 } = min {0.1 + 0.21, 0.227 + 0.941} 

= {0.1 +0.21} =Z 4 

min {x 2 , x 3 } = min {0.7 + 0.0041, 0.61 + 0.5} 

= {0.0041 + 0.5} =Z 5 

min {x 2 , x 4 } = min {0.7 + 0.041, 0.91 + 0.3} 

- {0.3 + 0.0041} = Z 6 



min {x 2 , x 5 } = min {0.7 + 0.0041, 0.941 + 0.227} 
= 0.0041 + 0.227} = Z 7 
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min {x 3 , x 5 } = min {0.61 + 0.5, 0.3 + 0.91} 

= {0.3 + 0.61} =Z 8 

min {x 3 , x 5 } = min {0.5 + 0.61, 0.941 + 0.227} and 
= 0.227 + 0.61} = Z 9 

min {x 4 , x 5 } = min {0.3 + 0.91, 0.941 + 0.227} 

= {0.227 + 0.91} = Zio. 

Thus y = {Z u Z 2 , Z 10 , xi, x 2 , x 3 , x 4 , x 5 } c U N is the 

completed subsemigroup of X. This is the way subsets are 
completed into subsemigroups. 

Example 2.15: Let 

V = {(xi, x 2 , x 3 , x 4 , x 5 ) where x, gU n ; 1 < i < 5} be the special 
fuzzy neutrosophic unit square semigroup under the min 
operation. V is a semigroup of infinite order which is 
idempotent and has zero divisors. 

Every singleton element is a subsemigroup of V and is not 
an ideal of V. Subsets in V can be completed to get 
subsemigroups. If T are of finite order certainly T is not an 
ideal of V. 

Let 

S = {(xi, x 2 , x 3 , x 4 , x 5 ) I X; g [0, 0.5), min, 1 < i < 5} c V be the 
subsemigroup of V. Certainly S is of infinite order. Further S 
is an ideal of V. 

Let 

S a = {(xi, x 2 , x 3 , x 4 , x 5 ) I X; s [0, a), 0 < a < 0.7 < 1, a, a fixed 
value 1 < i < 5, min} c V, clearly S a is a subsemigroup of 
infinite order which is also an ideal of V. We have infinitely 
many such ideals in V. 

Consider P = S = { (x 4 , x 2 , x 3 , x 4 , x 5 ) I Xj g [0.3, 0.5), min, 
I < i < 5 } c V. Pis only a subsemigroup of V and is not an 
ideal of V. Infact V has infinitely many subsemigroups which 
are not ideals of V. 
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Example 2.16: Let 



S = 



a ; e Un, 1 < i < 9, min} 



be the special fuzzy neutrosophic unit square semigroup under 
min operation of infinite order. 

{S, min} is a semilattice, that is {S, min} has zero divisors, 
ideals and subsemigroups which are not ideals. 



0 




0.31 


0 




0.21 


0 




0.3 + 51 


0.3 + 0.41 




0.7 + 0.21 


0 


and y = 


0 


0.1 




0 


0.7 + 0.61 




0 


0.51 + 0.9 




0.71 + 0.9 


0 




0 


0.31 




0 
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We see min {x, y} ={ 



0 

0 

0 

0 



0 

0 

0 

0 



Thus S has infinitely many zero divisors. 

Now every singleton element in S is a subsemigroup and is 
not an ideal of S. 




a; G U N , 



< i < 3, min} c S; 



Pi is a subsemigroup of infinite order. 
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0 

0 

0 

a i 

P 2 = a, a; g Un, 1 < i < 3, min} c S; 

a 3 

0 

0 

|_0 \ 

be a subsemigroup of infinite order. 



0 

0 

0 

0 

P 3 = < 0 a; e Un, 1 < i < 3, min} c S 
0 
a , 
a 2 

kJ 



be a subsemigroup of infinite order. 
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Pi n Pj = 



0 

0 

0 

0 

0 

0 

0 

0 

0 



}, 1 <i, j < 3. 



For every xgPj and y e P 2 we see min {x, y} = 



0 

0 

0 

0 

0 

0 

0 

0 

0 



0 

0 

0 

0 

0 

0 

0 

0 

0 



For every x e Pi and y e P 3 we see min { x, y } = 
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min {x, y} = { 



0 

0 

0 

0 

0 

0 

0 

0 

0 



} for x e P 2 and y e P 2 . 



Thus we have zero divisors we call these types of 
subsemigroups or ideals as annihilating ideals of S. 

We see S = Pj + P 2 + P 3 is a direct sum. 







a i 




Take Ri = • 




a 2 













a ; = bi + C;I; bj, c; e [0.3, 1), l<i<9}cS, 



R, is only a subsemigroup but is not an ideal of S. 

We have infinite number of subsemigroups which are not 
ideals of S. 







1 




II 

£ 




a 2 








_ a 9_ 





a; e [0, 0.7), 1 < i < 9, min} c S; 



Wi is a subsemiring which is also an ideal of S. 

We have infinite number of ideals of S each of infinite 
order. 




Fuzzy Neutrosophic Semigroups and Groups. . . 



135 



V, = 



a; 



= b; + d ; I, bi, dj g [0.3, 0.8), 1 < i < 4, 



a 5 = a + bi, a, b e [0, 0.4)} c S; 
Vi is a subsemigroup under min operation. 

Clearly V) is not an ideal of S. 



0 

0 

a, 



V 2 = 



a ; = b; + d ; I, b;, dj e [0.2, 0.7), 1 < i < 3, 



0 

0 

0 



a 4 = a + bi, a, b e [0, 0.81)} c S; V 2 is a subsemigroup of S 
which is not an ideal of S. 

We see S has infinite number of subsemigroups which are 
not ideals of S. 
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Example 2.17: Let 







a l 


a 2 


a 3 


s= . 




a 4 


a 5 


a 6 






_ a v 


a 8 


a 9. 



a; e Un, 1 < i < 9, min} 



be the special fuzzy neutrosophic semi open unit square 
semigroup under min operation. 

S has infinite number of zero divisors. Has no units. Has 
several ideals and several subsemigroups which are not ideals. 

For 







a i 


a 2 


a 3 


A= • 




a 4 


a 5 


a 6 






_ a 7 


a 8 


a 9. 



aj = b; + Cjl. b ; , c ; g [0.5, 1), 1 < i < 9} c S 



be a subsemigroup of S. A is only a subsemigroup and is not an 
ideal. 



For if y = 



0 0 0 

0.1 0.2 + 0.31 0.1 + 0.1 

0.3 + 0.41 0.31 0.2 



and x = 



a 7 a e 



A. 



min {x, y} = y g A. 



So A is not an ideal of S only a subsemigroup of S. 
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Let 







a i 


a 2 


a 3 


B = 




a 4 


a 5 


a 6 






_ a 7 


a 8 


a 9. 



aj = Ci + djl, Ci, di g [0, 0.6), 



1 <i<9, min} cS. 

Clearly B is a subsemigroup as well as an ideal of S. 

Infact S has infinite number of ideals. 



Example 2.18: Let 



f 


— 








a i 


a 2 


a 3 




a 4 


a 5 


a 6 




a 7 


a 8 


a 9 




a io 


a il 


a i2 




a i3 


a i4 


a i5 




a i6 


a i7 


a i8 




a i9 


a 20 


a 21 




a 22 


a 23 


a 24 




a 25 


a 26 


a 27 




a 28 


a 29 


a 30 




_ a 31 


a 32 


a 33_ 



a ; g Un, 1 < i < 33, min} 



be the special fuzzy neutrosophic unit square matrix semigroup 
under min operation. H is of infinite order. H has infinite 
number of subsemigroups which arc not ideals and also H has 
infinite number of ideals. 

Example 2.19: Let M = { (ar I a 2 a 3 I a 4 as a6 I a? agl a 9 ) I aj g Un, 
1 < i < 9, min} be the special fuzzy neutrosophic semi open unit 
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square super row matrix semigroup under the min operation. M 
is of infinite order. M has ideals and subsemigroups. 

Infact all ideals of M are of infinite cardinality however M 
has subsemigroups of order 1 or 2 or 3 or 4 and so on. 

Example 2.20: Let 



P = 



aj g U N , 1 < i < 14, min} 



be the special fuzzy neutrosophic semi open unit square 
semigroup of super column matrices. 

P is of infinite order. P is a semilattice. 

P has infinite number of finite subsemigroups which are not 
ideals of P. 

Infact all ideals of P are of infinite order. P has infinite 
number of zero divisors and idempotents. 
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Example 2.21: Let 



a l 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


a 8 


a 9 


a io 


a il 


a i 2 


a i3 


a i 4 


a i5 


a !6 


a i7 


a i8 


a !9 


a 20 


a 21 


a 22 


a 23 


a 24 


a 25 


a 26 


a 27 


a 28 


a 29 


a 30 


a 31 


a 32 


a 33 


a 34 


a 35 


a 36 


a 37 


a 38 


a 39 


a 40 


a 41 


a 42 


a 43 


a 44 


a 45 


a 46 


a 47 


a 48 


a 49 


a 50 



a; g Un, 1 < i < 50, min} 



be the special fuzzy neutrosophic unit semi open square super 
matrix semigroup of super matrices under min operation of 
infinite order. 

M has infinite number of zero divisors and idempotents. 
Every ideal of M is of infinite order. 

M has subsemigroups of finite order as well as infinite 
order. 

Now having seen all types of special neutrosophic fuzzy 
unit square semigroups under different operations we now 
proceed onto define the notion of groups under addition. 

We will also illustrate this situation by some examples. 

Let Un = {a + bl I a, b g [0, 1)} be the fuzzy neutrosophic 
unit square. 

We define addition modulo 1 and I on Un as follows: 



Let x = 0.3 + 0.51 and y = 0.7 + 0.51 g Un. 
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x + y = (0.3 + 0.51) + (0.7 + 0.51) 

= (0.3 + 0.7) + (0.51 + 0.51) 

= 1.0 + 1.0 (mod 1 and I) 

= 0 + 01 e U N . 

This is the way ‘+’ operation is performed. 

Let x = 0.001 + 0.0321 and y = 0.216 + 0.6011 e U N 
x + y = (0.001 + 0.0321) + (0.216 + 0.6011) 

= 0.217 + 0.6331 e U N . 

Let x = 0.61 + 0.884 

and y = 0.7341 + 0.652 e Un 

x + y = 0.884 + 0.61 + 0.652 + 0.7341 

= (0.884 + 0.652) + (0.61 + 0.7341) 

= 1.536 (mod 1) + (1.3341) (mod I) 

= 0.536 + 0.3341 e U N . 

It is easily verified Un under + is closed and + is an 
associative operation on U N . 

Further for every x e U N we have a unique y e U N such 
that x + y = 0. Thus every x e U N has a unique inverse with 
respect to + modulo 1 and I. 

(Un , +) is defined as the special fuzzy neutrosophic unit 
square group under addition. 

G n = {Un , + } is a commutative group of infinite order. 

We see 0 = 0 + 01 acts as the additive identity. 

It is an interesting problem to find finite order subgroups in 
G n for in our opinion all subgroups in G N are of infinite order as 
well as finite order. 

We see A = {0.5 + 0.51, 0{ c Gn is a subgroup of order 
two. B = {0.5, 0} cr G N is subgroup of order two. 
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P = {0. 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9} c G N is 
again a subgroup of order 10 . 

R = {0, 0.01, 0.02, ..., 0.99} c Gn is again a subgroup of 
G n of order 100 . 

Thus Gn has infinite number of subgroups of finite order. 
Take Si = {0.51, 0} cr G N is again a subgroup of order 2. 

Let S 2 = {0, 0.1, 0.21, 0.31, 0.41, 0.51, 0.61, 0.71, 0.81, 0.91} c 
G n is a subgroup of order 10. 

S 3 = {0, 0.21, 0.41, 0.61, 0.81} c Gn is a subgroup of Gn of 
order 5 and so on. 

Now having seen examples of finite subgroups of G N we 
proceed onto construct more groups using G N . 

Example 2.22: Let S = { (ai, a 2 , a 3 ) I a ; e U N ; +, 1 < i < 3} be 
the special fuzzy neutrosophic group of row matrices with ( 0 , 0 , 
0 ) as the additive identity. 

Let x = (0.3 + 0.51, 0.8 + 0.71, 0.11+0.371) e S 

x + x = (0.6 + 0, 0.6 + 0.41, 0.22 + 741} e S. 

The inverse of x is y = (0.7 + 0.51, 0.2 + 0.31, 0.89 + 0.631) 
e S. 

We see x + y = (0, 0, 0). 

Clearly every x in S has a unique inverse in S. 

S has subgroups of infinite order as well as finite order. 

Take Hi = { (a x , a 2 , a 3 ) I ai e {0.5, 0}, 1 < i < 3} c S, Hi is a 
subgroup of finite order. 

H 2 = { (ai, a 2 , a 3 ) I ai e {0.5, 0.51, 0}, 1 < i < 3} c S is a 
subgroup of finite order. 
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H 3 = {(ai, a 2 , a 3 ) I a; e {0, 0.2, 0.4, 0.6, 0.8j, 1 <i<3j cS 
is a subgroup of finite order. 

H 4 = {(ai, a 2 , a 3 ) I a, e {0, 0.2 + 0.21, 0.4 + 0.41, 0.6 + 0.61, 
0.8 + 0.81}, 1 < i < 3} c S is a subgroup S of finite order. 

We have several such subgroups. 




ai e Un, 1 < i < 9, min} be the 



special fuzzy neutrosophic group of column matrices. 



0 

0 

0 

0 

0 

0 

0 

0 

0 



P is of infinite order; 



g P acts as the additive identity of P. 
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Let 

M 

a 2 

a 3 

a 4 

M= a 5 aj e {0.5,0,0.51,0.5+0.51}, 1 <i< 9,+} cP 

a 6 

a 7 

a 8 

L a 9 J 

be the subgroup of P. 

Cleary IMI < 00. 

Let 

0 

0 

0 

M ! = ■ 0 ai g Un, + 1 c P, 

0 

0 

0 

0 



Mi is a subgroup of infinite order. 
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M 2 = 



a; g {0. 0.2, 0.21, 0.4, 0.41, 0.6, 0.61, 0.8, 0.81, 



0.2+0.41, 0.2+0.21, 0.2 + 0.61, 0.2 + 0.81, ..., 0.8 + 0.81, 
l<i<9,+}cP, M 2 is a subgroup of finite order in P. 

We can have several such subgroups of finite order in P. 



Example 2.24: Let 



a l 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


a 8 


a 9 


a io 


a il 


a i2 


a i3 


a i4 


a i5 


a i6 


a i7 


a i8 


a i9 


a 20 


a 2] 


a 22 


a 23 


a 24 



a; g Un, 1 < i < 24, +} 



be the fuzzy neutrosophic unit square matrix group of infinite 
order. 



M has subgroups of finite order as well as infinite order. 
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Example 2.25: Let T 



a l 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


a 8 


a 9 


a io 


a ir 


a i 2 


a i3 


a i4 


a i5 


a i6 



a, g U N , 



1 < i < 16. +} be the group of infinite order. 



0 0 0 
0 0 0 
0 0 0 
0 0 0 



0 

0 

0 

0 



is the additive identity in T. 



T has infinite number of subgroups of both finite and 
infinite order. 



Example 2.26: Let 





' 


— 












a , 


a 2 


a 3 


a 4 


w = < 




a 5 


a 6 


a 7 


a 8 






_ a y 


a io 


a n 


a i2 _ 



a ; g Un, 1 < i < 12, +} 



be the group of infinite order. 



0 0 
0 0 
0 0 



0 0 
0 0 
0 0 



be the additive identity of W. 



Example 2.27: Let M = {(a, I a 3 a 4 as a6 1 a 7 a x a y I aio an I a^) 
I a ; g Un, 1 < i < 12, +} be the fuzzy neutrosophic unit square 
super row matrix group of infinite order. 
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(0 0 I 0 0 0 0 I 0 0 0 I 0 0 I 0) is the additive identity in M. 

M has infinite number of subgroups of both finite order as 
well as infinite order. 

Example 2.28: Let 



a l 


a 2 


a 3 


a 4 


a 3 


a 6 


a 7 


a 8 


a 9 


a io 


a il 


a i2 


a i3 


a i4 


a i5 


a i6 


a !7 


a i8 


a i9 


a 20 


a 21 


a 22 


a 23 


a 24 


a 25 


a 26 


a 27 


a 28 


a 29 


a 30 


a 31 


a 32 


a 33 


a 34 


a 35 



a; e Un, 1 < i < 35, +} 



be the special fuzzy neutrosophic super matrix group of infinite 
order. 



0 


0 


0 


0 


0 


o 


0 


0 


0 


0 


o 


0 


0 


0 


~0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


o 


0 


0 


0 


0 


o 


0 


0 


0 


~o 



acts as the additive identity of M. 
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Example 2.29: Let 





1 

_p 


a 2 


a 3 


P 

1 




a 5 


a 6 


^7 


a 8 




a 9 


a io 


a n 


a i2 




a i3 


a i4 


a i5 


a i6 




a i7 


a i8 


a i9 


a 20 




a 21 


a 22 


a 23 


a 24 




a 25 


a 26 


a 27 


a 28 




_ a 29 


a 30 


a 31 


a 32 _ 



a ; g Un, 1 < i < 32, +} 



be a special fuzzy neutrosophic super column matrix group of 
infinite order. 



W has subgroups of finite order given by 



a i 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


a 8 


a 9 


a io 


a il 


a i2 


a i3 


a i4 


a i5 


a i6 


a i7 


a i8 


a !9 


a 20 


a 21 


a 22 


a 23 


a 24 


a 25 


a 26 


a 27 


a 28 


a 29 


a 30 


a 31 


a 32. 



a; g {0.2, 0.4. 0.6. 0.8. 0} <= Un, 



1 < i < 32, +}cWisa subgroup of infinite order. 
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B = 



a l 


a 2 


a 3 


a 4 


0 


0 


0 


0 


0 


0 


0 


0 


a 5 


a 6 


a 7 


a 8 


a 9 


a io 


a il 


a i 2 


a i3 


a i4 


a i5 


a i6 


0 


0 


0 


0 


0 


0 


0 


0 


T 

vd 

VI 


in 

5" 


2.30: 


Let 






_{i 


' a i 


a 2 


a 3 a 


'I 1 


V a 5 


a 6 


a 7 a 



a, g {0. 0.5.0.51. 0.5 + 0.51} 



a; e U N , 1 <i<8, +} 



be the group of infinite order. 

Tf0 0 a, a 2 ^ 

j(o 0 0 o y 

is a subgroup of infinite order. 



ai a 2 e U N , +} c M 



THEOREM 2.4: Let G N = (U N , + ) be the special fuzzy 

neutrosophic unit square group of infinite order. 

( i) G n has finite order subgroups. 

( ii) G n has infinite order subgroups. 

The proof is direct hence left as an exercise to the reader. 



Theorem 2.5: Let 

M - (n x s matrices with entries from Un, +} be the special 
fuzzy neutrosophic unit square matrix group. 
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(i) M has infinite number of subgroups of finite order. 

( ii) M has subgroups of infinite order. 

Proof is direct hence left as an exercise to the reader. Group 

homomotphism can be defined for these groups as in case of 

usual groups. 

As all these groups are of infinite order several properties of 

finite groups cannot be extended to these class of groups. 

We present the following problems for this chapter. 

Problems 

1. Find some special and interesting properties enjoyed by 
the unit semi open fuzzy neutrosophic square Un- 

2. (Un, x) is a semigroup; enumerate all the special 
properties associated with it. 

3. Prove (Un, x) the semigroup has all its subsemigroups to 
be of infinite order. 

4. Prove (Un, x) the semigroup has subsemigroups generated 
by a single element. 

5. Let (Un, x) be the semigroup. Prove P = {(0.3)} is a 
subsemigrousp of (Un, x). 

6. Is (0.31 + 0.21) = R c {Un, x} generate a subsemigroup 
of infinite order? 

7. Is R in problem (6) cyclic? 

8. Prove P in problem (5) is cyclic and is of infinite order? 

9. Prove P in problem (5) is not an ideal of {Un, x}. 



10. Is R in problem (6) an ideal of {Un, x}? 
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11. Prove {Un, x 1 has infinite number of subsemigroups 
which are cyclic. 

12. Can a cyclic subsemigroup in (Un, x) be an ideal of 
{U N , x}? 

13. Let A = (0.3 + 0.21, 0.7 + 0.41) c {Un, x} be the 
subsemigroup. 

(i) Can A be a cyclic subsemigroup? 

(ii) Can A be an ideal of {Un, x}? 

14. Can {Un, x} have zero divisors? 

15. Can {Un, x} have idempotents? 

16. Can {U N , x} be a Smarandache semigroup? 

17. Can {U N , x} have S-ideals? 

18. Can {Un, x} have S-subsemigroups? 

19. Obtain any other special or interesting property enjoyed 
by {U N , x}. 

20. Can {Un, x} have units? 

21. Let M = {(a!, a 2 , ..., a 10 ) I a ; e {U N , x}, 1 < i < 10} be the 
fuzzy neutrosophic unit semi open square row matrix 
semigroup of infinite order. 

(i) Prove M has zero divisors. 

(ii) Can M have S-zero divisors? 

(iii) Can M have idempotents? 

(iv) Can M have S -idempotents? 

(v) Can M have units? 

(vi) Can M have S-units? 
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(vii) Can M have finite order subsemigroups? 

(viii) Is every subsemigroup of M is of infinite order? 

(ix) Can M have ideals of finite order? 

(x) Is every subsemigroup of M an ideal of M? 

(xi) Does there exists subsemigroup in M which are not 
ideals of M? Justify with examples. 

(xii) If U N is replaced by the subsquare of the unit square 
P = {a + bl I a, b g [0, 0.8)} c U N , is P a 
subsemigroup? 







~ a i " 








a 2 




22. Prove M = • 




a 3 








_ a i5 _ 





a; g Un, 1 < i < 15} under x n is a 



special fuzzy neutrosophic unit square semigroup. 
Study questions (i) to (xii) of problem (21) for this M. 



23. Let T = } 



a. 



a s 



a; g Un, 1 < i < 24} be the 



special fuzzy neutrosophic unit square semigroup under 
product x n . 

Study questions (i) to (xii) of problem (21) for this T. 



24. Prove Un = {a + bl I a, b g [0, 1)} can have infinite number 
of subsquares and subrectangles. 
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ci 0 3.? 



i 4 a 5 
... a 



10 



25. Let T = 



a 



15 



*25 . 



aj g U N , 1 < i < 25 } be 



the special fuzzy neutrosophic unit square semigroup under 
product x n . 

Study questions (i) to (xii) of problem (21) for this S. 



26. Let V = i 



a l 


a 2 


P 

00 


a 9 


a io 


... a 16 


a n 


a i8 


... ^24 


a 25 


a 26 


... a 32 


a 33 


a 34 


... a 40 


a 41 


a 42 


... a 48 


a 49 


a 50 


a 64 


a 65 


a 66 


... a 72 



g Un, 1 < i < 72 } be the 



special fuzzy neutrosophic unit square semigroup under 
product x. 

Study questions (i) to (xii) of problem (21) for this V. 



27. Let W = {(a! I a 2 a 3 a 4 1 a 5 a 6 1 a 7 a 8 a 9 ) I a ; g U n , 1 < i < 72} 
be the special fuzzy neutrosophic unit square semigroup 
under product x. 

Study questions (i) to (xii) of problem (21) for this V. 
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a, e U N , 1 < i < 12 } be the special fuzzy 



neutrosophic unit square semigroup under product x n . 
Study questions (i) to (xii) of problem (21) for this P. 







"a! 


a 2 a 3 


a 4 


a 5 a 6 a 7 


29. Let L = < 




a 8 


a 9 ... 




a i4 






_ a i5 


a i6 




a 21_ 



ai Un, 



1 < i < 2 1 } be the special fuzzy neutrosophic unit square 
semigroup under product x n . 

Study questions (i) to (xii) of problem (21) for this L. 
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30. Let Z = 




aj e Un, x n , 1 < i < 36} be the 



special fuzzy neutrosophic unit square super row matrix 
semigroup of infinite order. 

Study questions (i) to (xii) of problem (21) for this Z. 




1 < i < 70} be the special fuzzy neutrosophic unit square 
super row matrix semigroup of infinite order. 
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Study questions (i) to (xii) of problem (21) for this Y. 

32. Let {Un, max} be the fuzzy neutrosophic unit square 

semigroup under max operation. 

(i) Show every singleton element is a subsemigroup of Un. 

(ii) Show every subsemigroup of finite order in U N is not an 
ideal of Un. 

(iii) Prove for every integer n, n=l, 2. 3, ..., m, we have 
subsemigroup of order n = 1, 2, 3, .... 

(iv) Prove every subset M of U N which is not a 
subsemigroup can be completed to get a subsemigroup 
of Un- 

(v) Prove every ideal of Un is of infinite order. 

(vi) Prove U N has infinite number of ideals under max 
operation. 

(vii) If I = {a + bl in U N are such that a,be [0.7, 1)}, then I 
is an ideal of Un- 

(viii) Obtain any other interesting property associated with 
the semigroup {U N , max}. 



33. Let M = { (ai, a 2 , ..., a 9 ) I a ; e U N , max} be the special fuzzy 
neutrosophic semigroup under max operation. 

(i) Study questions (i) to (viii) of problem (32) for this M. 

(ii) Compare the semigroup {Un, max} with M. 




a; e Un, 1 < i < 18, max} be the special 



fuzzy neutrosophic unit square semigroup under max. 
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(i) Study questions (i) to (viii) of problem (32) for this W. 



35. Let S = 



*22 

*32 



a; g Un, 1 < i < 40, max} 



be the special fuzzy neutrosophic unit square semigroup 
under max. 

Study questions (i) to (viii) of problem (32) for this S. 



Uj a 2 ... a 9 



36. Let PH 



a io 


a il • 


a i8 


a i9 


a 20 


a 2 7 


a 28 


a 29 


.. a 36 


a 73 


a 74 


a 8i 



a ; g Un, 1 < i < 81, max} be 



the special fuzzy neutrosophic unit square semigroup under 
max. 

Study questions (i) to (viii) of problem (32) for this P. 



37. Let Z = < 



a ; g Un, 1 < i < 80, max} 



be the special fuzzy neutrosophic unit square semigroup 
under max. 
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Study questions (i) to (viii) of problem (32) for this Z. 

38. Let Pi = { (ai a 2 1 a .3 a .4 as I a6 a 7 1 ag) I ai g Un, 1 < i < 8. max} 
be the special fuzzy neutrosophic unit square semigroup 
under max. 

Study questions (i) to (viii) of problem (32) for this Pi. 




ai g Un, 1 < i < 12, max} be the special 



fuzzy neutrosophic unit square semigroup under product x n . 
Study questions (i) to (viii) of problem (32) for this Mi. 



a i a 2 


^3 ^4 ^5 


a 6 


a 7 




a 8 a 9 






a i4 




a i5 a i6 






a 21 




a 22 a 23 






a 28_ 





40. Let S = } 



ai g U N , 
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1 < i < 28} be the special fuzzy neutrosophic unit square 
super row matrix semigroup of infinite order. 

Study questions (i) to (viii) of problem (32) for this S. 




be the special fuzzy neutrosophic unit square super row 
matrix semigroup of infinite order. 



Study questions (i) to (viii) of problem (32) for this S. 
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42. Let W = i 



a l 


a 2 


a 3 


a 4 


a 5 


a 6 








a io 


a il 








a i5 


a i6 








a 20 


a 21 








a 25 


a 26 








a 30 


a 3 l 








a 35 


a 36 








a 40 


a 41 








a 45 


a 46 








a 50 


a 51 








a 55 


a 56 








a 60 


a 61 








a 65 


a 66 








a 70 



a ; e Un, 1 < i < 70, 



max} be the fuzzy neutrosophic special unit square super 
column matrix semigroup under max operation of infinite 
order. 



Study questions (i) to (viii) of problem (32) for this W. 



43. Let S = {Un, min} be the special fuzzy set neutrosophic unit 
square semigroup under min operation of infinite order. 

(i) Prove S has infinite number of subsemigroups. 

(ii) Find all ideals in S. 

(iii) Can S have ideals of finite order? 

(iv) Can S be a Smarandache semigroup? 

(v) Can S have S-ideals? 

(vi) Can S have S-subsemigroups? 

(vii) Can S have S-units? 

(viii) Prove every element in S is an idempotent. 
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44. Let V = {(a! a 2 a 3 a 4 a 5 a 6 a 7 ) I a; e U N , 1 < i < 7, min} be the 
special fuzzy neutrosophic unit square row matrix 
semigroup under min of infinite order. 

Study questions (i) to (viii) of problem (43) for this V. 




a; s Un, 1 < i < 19, min} be the fuzzy 



neutrosophic special unit square column matrix semigroup 
under min operation. 



Study questions (i) to (viii) of problem (43) for this M. 



46. Let R = 



a, a., 



V a i6 a i7 ••• a 30 J 



a ; e Un, 1 < i < 30, min} be 



the fuzzy neutrosophic special unit square matrix semigroup 
under min operation. 

Study questions (i) to (viii) of problem (43) for this R. 



47. Let T = 



a i a 2 a 3 a 4 



V a 89 a 90 a 91 a 92y 



aj e Un, 1 < i < 92, min} 



be the special fuzzy neutrosophic unit square matrix 
semigroup under min operation. 
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Study questions (i) to (viii) of problem (43) for this T. 

48. Let (U N , +) be the special fuzzy neutrosophic unit square 
group of infinite order. 

Study the special features associated with this new 
structure. 



49. Let M = { (ai, a 2 , .... ag) I aj e Un, 1 < i < 9. +} be the 
special fuzzy neutrosophic unit square row matrix group. 



(i) Find at least 6 finite subgroups of M. 

(ii) Find 8 infinite subgroups of M. 

(iii) Find an automorphism q : M — > M so that 
ker q^ (0 0000000 0) 

(iv) Can M have a subgroup of order 2 9 ? 

(v) Can M have subgroup of prime order? 



a i 



50. Let P = 



a 2 

a 3 



a ; g Un, 1 < i < 12, +} be the special fuzzy 



a 



12 J 



neutrosophic unit square column matrix group. 



Study questions (i) to (v) of problem (49) for this P. 



51. Let P = 



a. 



a* 



*6 a 7 

a io a 



a, 



a 8 

11 a i2 
a i6 



^ g Un, 1 < i < 16. +} 



be the special fuzzy neutrosophic unit square matrix group 
under + modulo (1 and I). 
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Study questions (i) to (v) of problem (49) for this P. 




a ; g Un, 1 < i < 63, +} be the 



special fuzzy neutrosophic unit square matrix group under 
addition modulo (1 and I). 

Study questions (i) to (v) of problem (49) for this W. 

53. Let T = {(ai I a 2 a .3 a. 4 I as I a.(, aj I ag) I a; g U N , 1 < i < 8. +} 
be the fuzzy neutrosophic unit square super row matrix 
under addition modulo (1 and I). 

Study questions (i) to (v) of problem (49) for this T. 




a ; g Un, 1 < i < 1 1 , +} be the fuzzy unit 



square super column matrix group under addition modulo ( 1 
and I). 
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Study questions (i) to (v) of problem (49) for this S. 



55. Let M = 



a i a. 



a; G U N , 



V a 25 



*32 J 



1 < i < 32, +} be the fuzzy neutrosophic unit square super 
row matrix group under +. 

Study questions (i) to (vii) of problem (49) for this M. 



56. Let V = \ 




ai g U N , 



1 < i < 63, +} be the fuzzy neutrosophic unit square super 
matrix group under +. 

Study questions (i) to (v) of problem (49) for this V. 
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57. Let M = 



a l 


a 2 


a 3 


a 4 


a 5 


a 6 








a io 


a„ 








a i 5 


a i6 








a 20 


a 21 








a 25 


a 26 








a 30 


a 31 








a 35 


a 36 








a 40 


a 41 








a 45 


a 46 








a 50 


a 51 








a 55 


a 56 








a 60 


_ a 6i 








a 65. 



aj e Un, 1 < i < 65, +} 



be the special fuzzy neutrosophic unit square super column 
matrix under + modulo 1 and I. 

Study questions (i) to (v) of problem (49) for this M. 



58. Obtain some special and distinct features enjoyed by groups 
built using (Un, +)• 



59. Let G = {Un, +} be the group. 

(i) Can any set L = {a + bl I a e [0, 0.3) and b e [0, 0.5)} 
c U N be a group? 
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60. Prove P = { a I a e [0. 1)} c U N is a subgroup of G given in 
problem 59 under +. 



61. Prove T = { al I a e [0, 1)} c U N is also a subgroup of G 
given in problem 59 under +. 




Chapter Three 



FtZZY NfcUntOSCXWC StMRINGSAlM} 
R®udo Rings on 



LW={(a +bl) | a, b s [0,1)} 



In this chapter we build semirings and pseudo rings using the 
fuzzy neutrosophic unit square U N . We study some properties 
associated with them. This study is new and innovative. We 
define first fuzzy neutrosophic unit square semirings. 

Definition 3.1: Let 

S N - {a + lb \ a, b € [0, 1) min, max} = ( t/, v , min, max}. 
Clearly S N is a semiring defined as the fuzzy neutrosophic unit 
square semiring. 

S N is of infinite order. S N isnot semifield as 1 £ U N . 

Sn is a commutative semidomain. 

Let x = 0.3 + 811 and y = 0.71 + 0.8 e S N - 
min {x, y} = min {0.3 + .811, 0.71 + 0.8} 

= min {0.3, 0.8} + min {0.71, 0.811} 

= 0.3 + 0.71 g S N . 
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max {x, y} = max {0.3 + 0.811, 0.71 + 0.8} 
= max {0.3, 0.8} + max {0.71, 0.811} 

= 0.8 + 0.811 e S N . 



Thus {U N , max, min} is a semiring of infinite order. Every 
singleton set A = {x} where x e Sn with {0} is a semiring. 
That is A u {0} is a subsemiring of order two. 

We have infinitely many subsemirings of order two. 

We can have subsemirings of order three and so on. 

Let P = {0, 0.34 + 0.61, 0.85 + 0.911} c S N . P is a 
subsemiring of order three. 

Let T = {0, 0.34 + 0.621, 0.28 + 0.311, 0.16 + 0.161} c S N . 
T is a subsemiring order four. 

Infact we have subsemirings of all possible orders. Further 
we can make a subset of S N which is not a subsemiring into a 
subsemiring by completing that subset. 

This is illustrated in the following. 

Let P = {0, 0.2 + 0.71, 0.6 + 0.31} cr S N - Clearly P is not a 
subsemiring so we have to complete P into subsemiring. 

min {0.2 + 0.71, 0.6 + 0.31} 

= min {0.2, 0.6} + min {0.71, 0.31} 

= 0.2 + 0.31 £ P. 

Now max {0.2 + 0.71, 0.6 + 0.31} 

= max {0.2 + 0.6} + max {0.31, 0.71} 

= 0.6 + 0.71 £ P. 

Thus P c = {0, 0.2 + 0.71, 0.6 + 0.31, 0.2 + 0.31 0.6 + 0.71} 
is the completion of P is a subsemiring of S N . 
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Infact P c is a distributive lattice given by the following 
Hasse diagram. P c is of order 5. 



{0.6+0.71} 




Let T = {0. 0.3 + 0.21. 0.6 + 0.151. 0.1 + 0.41} c S N . T is 
only a subset and is not a subsemiring of S N - We now complete 
T into a subsemiring. 

min {0.3 + 0.21, 0.6 + 0.151} 

= min {0.3, 0.6} + min {0.21, 0.151} 

= 0.3 + 0.151 e T. 

min {0.3 + 0.21, 0.1 + 0.41} 

= min {0.3, 0.1 } + min {0.21, 0.41} 

= 0.1+0.21 £ T. 

min {0.6 + 0.151, 0.1 + 0.41} 

= min {0.6, 0.1 } + min {0.151, 0.41} 

= 0.1+0.151 £ T. 

We find max {0.3 + 0.21, 0.6 + 0.151} 

= max {0.3, 0.6} + max {0.21, 0.151} 

= 0.6 + 0.21 £ T. 

max {0.3 + 0.21, 0.1 + 0.41} 

= max {0.3, 0.1} + max {0.21, 0.41} 

= 0.3 + 0.41 £ T. 



max {0.6 + 0.151, 0.1 + 0.41} 

= max {0.6, 0.1} + max {0.151, 0.41} 
= 0.6 + 0.41 £ T. 
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Now T c = {0. 0.3+21, 0.21, 0.6 + 0.151, 0.1 + 0.41, 0.3 + 
0.151, 0.1 + 0.21, 0.1 + 0.151, 0.6 + 0.21, 0.3 + 0.41, 0.6 + 0.41} 
is the completed subsemiring of the subset T. Infact T c is a 
distributive lattice and the Hasse diagram of T c is as follows: 



{0.6+0.41} 




Clearly order of T c is 10. Thus we can construct any 
number of finite distributive lattices which are subsemirings of 
Sn- 

Let P = {0, 0.1 + 0.21, 0.2 + 0.1, 0.3 + 0.21, 0.15 + 0.41} c 
S N . Clearly P is only a subset of Sn- 

max {0.1 + 0.21, 0.2 + 0.1} 

= 0.2 + 0 . 21 , 

max {0.1 + 0.21, 0.3 + 0.21} 

= 0.3 + 0.21, 

max {0.1 + 0.21, 0. 15 + 0.41} 

= 0.15 + 0.41, 



max {0.2 + 0.1, 0.3 + 0.21} 
= 0.3 + 0.21 e P, 
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max {0.2 + 0.1, 0.15 + 0.41} 

= 0.2 + 0.41 and 

max {0.3 + 0.21, 0.15 + 0.41} 

= 0.3 + 0.41. 

min {0.1 + 0.21, 0.2 + 0.1} 

- 0.1 + 0 . 1 , 

min {0.1 + 0.21, 0.3 + 0.21} 

-0.1+0.21, 

min {0.1 + 0.21, 0.15 + 0.41} 

-0.1+0.21, 

min {0.2 + 0.1, 0.3 + 0.21} 

- 0.2 + 0.1 e P, 

min {0.2 + 0.1, 0. 15 + 0.41} 

-{0.15 + 0.1}, 

min {0.3 + 0.21, 0.15 + 0.41} 

= 0.15 + 0.21. 

Now P c - {0, 0.1 + 0.21, 0.2 + 0.1, 0.3 + 0.21, 0.15 + 0.41, 
0.15 + 0.11, 0.1 + 0.21, 0.2 + 0.21, 0.1 + 0.41, 0.2 + 0.41, 0.3 + 
0.41, 0.1 + 0.1, 0.15 + 0.21} is a subsemiring. 

Thus we can complete a subset even if two elements are 
comparable. 

Here we use the term comparable in the following way. 

Let x - a + lb and y - c + Id, a, b, c, d e [0, 1) we say x is 
comparable with y if a < c and b < d or (or used in the mutually 
exclusive sense) c < a and d < b. 



We will first illustrate this by the following example. 
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Let x = 0.31 + 0.71 and y = 0.84 + 0. 981 e S N we see x < y 
as 0.31 <0.84 and 0.7 <0.98 

Here if x = 0.81 + 0.51 and y = 0.98 + 0.41 e Sn, we see x is 
not comparable with y as 0.81 < 0.98 and 0.5 f. 0.4 (0.4 < 0.5) 
so x and y are not comparable. 

If x = 0.38 + 0.81 and y = 0.15 + 0.911 e S N then also x and 
y are not comparable. 

Thus even if a subset has some elements to be comparable 
and some other elements to be not comparable still we can 
complete the set to give us a subsemigroup. 

If T is finite certainly the completion of T viz T c is also 
finite. If on the other hand T is infinite so is T c . 

Inview of this we have the following theorem. 

THEOREM 3.1: Let S N = {U N , min, max} be the fuzzy 

neutrosophic unit semi open square semiring. IfT is a subset of 
Sn and if T is not a subsemiring T can be completed to T c to 
form a subsemiring. 

Proof : Consider T = {xi, x 2 , x n } a proper subset of Sn 
which is not a subsemiring of the semiring S N . 

Take T c = {T u {max {x is Xj } } u {min {Xj, Xj } } ; i ^ j, 
clearly T c is subsemiring {T n max {Xj, Xj } } = <|) if no x; is 
comparable with Xj. 

Likewise {Tn min { x h x, }} = ({) if x, is not comparable with 
Xj. If some of x ; is comparable with Xj then {T n {x ; , Xj } } ^ <|) 
likewise {Tn min {x ; , Xj } } ^ <|). 

Thus T c can be completed always to get a subsemiring. We 
can define ideals of the semirings S N = {Un, max, min}. 

Let A c Sn, A is a subsemiring of Sn- If for every x e A 
and y g S N ; min {x, y} e A then we define A to be an ideal of 
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S N . If on the other hand max { x, y } e A then A will be defined 
as the filter of S N . To this end we will supply some examples. 

Let A = {a + bl I a, b g [0, 0.5)} c S N , A is an ideal of S N - 
However we see A is not a filter as y = 0.9 + 0.81 g Sn and 
x = 0.4 + 0.31 g A then max{x, y} = max{0.9 + 0.81, 0.4 + 0.31} 
=0.9 + 0.81 e A. 

Thus A is only an ideal of S N and is not a filter of S N - 

Let B = {a + bl I a, b g [0.4, 1)} c S N . We see B is a 
subsemiring of S N . 

However B is not ideal of Sn for take x = 0.2 + 0.151 g Sn 
and y = 0.6 + 0.41 g B. 

We see min{x, y} = min{0.2 + 0.151, 0.6 + 0.41} = 
{min{0.2, 0.6} + min{ 0.151, 0.41} = 0.2 + 0.151 £ B. 

Thus B is not an ideal of S N - We see in S N an ideal in 
general is not a filter and a filter in general is not an ideal. 

S N has infinite number of ideals and filters. 

Now using S N = {Un, max, min} we construct more and 
more semirings which is illustrated by examples. 

Example 3.1: Let M = {(a!, a 2 , a 3 ) I a, = c, + d,I g U n ; 1 < i < 3} 
be the special fuzzy neutrosophic unit square semiring of 
infinite order under the max and min operation. 

We see P! = {(ai, 0, 0) I ai g U n } c M, 

P 2 = {(0, ai, 0) I ai g Un} c: M and 
P 3 = {(0, 0, aO I a! g U N } cM 



are special fuzzy neutrosophic unit square row matrix 
subsemirings of M. Clearly M has zero divisors and every 
element in M is an idempotent of M. 
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Let x = {(0.31. 4 + 21, 0)} and y = {(0. 0. 0.8 + 0.741)} e M; 
min {x, y} = (0, 0, 0). Thus M has zero divisors. Infact M has 
infinite number of zero divisors and idempotents. 

Every P = {(0,0, 0), (x, y, z)} where x, y, z e U N is a 
subsemiring of order two. 

We can as in case of usual semirings define the notion of 
ideals and subsemirings. Pi, P 2 and P 3 are also ideals of M. 
However Pi, P 2 and P 3 are not filters of M. 

Let 

L = {(a!, a 2 , a 3 ) I a, = c ; + d ; I and Cj, d; e [0.4, 1); 1 < i < 3} c= M 
be the subsemiring of M. 

Clearly L is a subsemiring and not an ideal of M. But L is 
also a filter of M. 

Now we see M has infinite number of filters which are not 
ideals and infinite number of ideals which are not filters. 
Further M has infinite number of subsemirings of finite order 
which are not ideals or filters. 

Example 3.2: Let 




a; g Un, 1 < i < 10, max, min} 
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be the special fuzzy neutrosophic unit square column matrix 
semiring of infinite order. 

This semiring has several ideals which are not filters and 
several filters which are not ideals. Let 



Pi = 



ai g Un. max, min} c N, 



P* = 



0 

a 2 

0 



a 2 g Un. max, min} c N, 



Pr = 



0 

0 

a. 



a 3 g Un, max, min} c N, 



0 

0 

0 

a 4 

0 

0 



P 4 - 



a 4 g Un, max, min} c N 
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and so on 

0 
0 

0 
a 9 
0 



0 

0 

he 

subsemirings of N. 

Clearly all these 10 subsemirings are also ideals of N and 
none of them is a filter of N. 

Let 

r a i i 
a 2 
a 3 
a 4 

T = < 5 a ; = C; + d ; I where d ; , C; g [0.2. 1); 1 < i < 10 } c N 

a 6 

a 7 

a 8 

a 9 

_ a io. 



a; g Un. max, min} c N are 10 distinct 




ag g Un, max, min} cr N 




be a subsemiring which is also a filter of N. 
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We see 







1 




t 2 = 




a 2 








_ a io. 





a ; = c; + dj where d ; , Ci e [0.3,1); 1 < i < 10 }<z N 



is a subsemiring of N which is also a filter of N. Clearly both 
T i and T 2 are not ideals of N. 

We observe if any matrix has zeros even in one position 
then that subsemiring can never be a filter of N. 



Example 3.3: Let 




a; e U N , max, min, 1 < i < 30} 



be the special fuzzy neutrosophic unit square semiring. 



W has subsemirings of finite order. Infact W has 
subsemirings of order two, three and so on. W has also 
subsemirings of infinite order which are ideals and some of 
them are not ideals. 




ai = Ci + dil, a 2 = c 2 + d 2 I and 



a 3 = C 3 + d 3 I where Ci, c 2 , di, d 2 , C 3 , d 3 e [0.9, 1 ) and aj e Un, 
4<j< 30, max, min} cW isa subsemiring of infinite order. 
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It is easily verified N is not an ideal but N is a filter of N. 
Now suppose we take 







a i 


a 2 


a 3 




R = 




a 4 


a 5 


a 6 








_ a 28 


a 29 


a 30_ 





ai = Ci + dil, where ci, di e [0.3, 1) and 



aj e Un, 2 < j < 30, max, min} c N 



to be a subsemiring of N. 

Clearly R is not a filter of N. Further R is not even as ideal 
of N. This subsemiring R is of infinite order which is not an 
ideal and not a filter. 

Infact N has infinitely many subsemirings of infinite order 
which are not ideals and not filters of N. 

It is important to note that N has no subsemiring which is 
both an ideal as well as a filter of N. 



Example 3.4: Let 





- 








t = 1 


a i 


a 2 


a 3 ' 


„ a 9 


1 


_ a io 


a il 


a i2 


.. a 18 _ 



a; e Un, 1 < i < 18, max, min} 



be the special fuzzy neutrosophic unit square semiring of 
infinite order. 

T has ideals and filters of infinite order. T has infinite 
number of zero divisors. T has finite order subsemirings which 
are not ideals. 

Infact T has also infinite order subsemirings which arc not 
both ideals or filters. 
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Every element x g T is an idempotent with respect to both 
max and min operation. 

Example 3.5: Let 



T = 



a i 

a 5 

a 9 



a 2 


a 3 


a 4 


a 6 


a 7 


a 8 


a io 


a il 


a i2 


a i4 


a i5 


a i6 



^ g U N , 



1 < i < 16, max, min} 



be the special fuzzy neutrosophic unit square matrix semiring of 
infinite order. S has ideals and filters of infinite order. 

All infinite subsemirings of S can be given a Hasse 
diagram. 

We see S has chain lattices if every element in S is 
comparable as subsemirings. Also S has finite distributive 
lattices and subsemirings. 

Also for any finite or infinite subset T of S we can complete 
T to T c so that T c is a subsemiring. 

Certainly if T c is of finite order then T c is not an ideal or a 
filter only a finite subsemiring. 



Pi 



a i 

0 

0 

0 



0 0 0 
0 0 0 
0 0 0 
0 0 0 



ai g Un, max, min} c S 



is a subsemiring which is an ideal but P! is not a filter. 
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Example 3.6: Let 



M = 



a; G Un, 



< i < 12, max, min} 



be the special fuzzy neutrosophic unit square semiring of super 
column matrices. M has infinite number of subsemirings of 
finite order. 

M also has infinite number of subsemirings which are ideals 
and every ideal of M is of infinite order. 

We see M has filters of infinite order and none of them are 
ideals. M has infinite number of zero divisors. Every element 
in M is an idempotent with respect to both max and min 
operation. 

Example 3.7: Let W = {(a, a 2 1 a 3 1 a 4 a 5 a 6 I a 7 a 8 1 a 9 a 10 a 12 I a !2 
a [3 I a [4 ) I a ; e U N . 1 < i < 14, max, min} be the special fuzzy 
neutrosophic unit square super row matrix semiring under max, 
min operation. 

W is of infinite order. W has infinite number of ideals. W 
has infinite number of subsemirings which are not ideals or 
filters of W. W has infinite number of zero divisors. 
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Example 3.8: Let 



a l 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


a 8 


a 9 


a io 


a n 


a i2 


a i3 


a i4 


a i5 


a i6 


a !7 


a i8 


a i9 


a 20 


a 2 i 


a 22 


a 23 


a 24 


a 25 


a 26 



a; e Un, 1 < i < 26, max, min} 



be the special fuzzy neutrosophic unit square super column 
matrix semiring. T is of infinite order. T has infinite number of 
subsemirings of finite order none of them are ideals. 

T has infinite number subsemirings of infinite order which 
are ideals and not filters. T has infinite number of subsemirings 
of infinite order which are filters of T and not ideals of T. T has 
infinite number of idempotents and zero divisors. 

Example 3.9: Let 



a a a, a ^ 



M = 



a ; e Un, 1 < i < 21, 



[V a !5 



*21 J 



max, min} 
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be the special fuzzy neutrosophic unit square semiring of super 
row matrices. 



M has infinite number of zero divisors and idempotents. 







' a i a 2 


0 


0 0 0 


O' 


II 

eC 




0 0 


0 


0 0 0 


0 






o 

o 


0 


0 0 0 


0, 



ai, a 2 e Un, max, min} c M 



be the subsemiring of infinite order. Clearly Pi is also an ideal 
of M and is not a filter. 







o 

o 


a l 


0 0 0 


V 




p 2 = 




0 0 


a 2 


0 0 0 


b 2 








0 o 


a 3 


0 0 0 


b 3 y 





bj = dj + cjl, d ; , Cj e [0.7, 9), 1 < j < 3, max, min} be the 
subsemiring of infinite order. Clearly P 2 is not an ideal or filter 
of M. 







o 

o 


0 


0 0 0 


0 ' 




’TJ 

OJ 

n 




0 0 


0 


0 0 0 


0 








V a i a 2 


a 3 


0 0 0 


a 4 J 





[0.7, l);l<i<4}cM 



is a subsemiring of M of infinite order. P 4 is not a filter or ideal 
only a subsemiring. 







o 

o 


0 


a i a 2 a 3 


o' 




p 4 = 




0 0 


0 


a 4 a 5 a 6 


0 








0 0 


0 


a 7 a 8 a 9 


0J 





[0.5, 1); 1 < i < 9, max, min} c M 
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be the subsemiring of infinite order. P 4 is not an ideal or a filter. 
Example 3.10: Let 




a ; e Un, 1 < i < 45, max. min} 



be the special fuzzy neutrosophic unit semi open square super 
matrix semiring of infinite order. 



a l 


a 2 


0 


0 


0 


a 3 


a 4 


0 


0 


0 


0 


0 


0 


0 


~0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


~0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


~0 



ai, a 2 , a 3 , a 4 e U N , max, min} 



be the subsemiring of S. T is also an ideal of S. Clearly T is 
not a filter of S. S has infinite number of idempotents and zero 
divisors. 

Next we proceed onto define special pseudo fuzzy 
neutrosophic semiring with operation min and x. 
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Let P N = {U N , min, x} be the special fuzzy neutrosophic 
unit square quasi semiring of infinite order. 

Let x = a + bl and y = c + Id e P N 
x x y = (a + bl) x (c + dl) 

= ac + bcl + dal + bdl 
= ac + (be + ad + bd)I e P N . 

Thus if x = 0.3 + 0.21 and y = 0.9 + 0.71 e P N 
Then x x y = (0.3 + 0.21) x (0.9 + 0.71) 

= 0.27 + 0.181 + 0.211 + 0.141 
= 0.27 + 0.531 e P N . 

min {x, y} = min {0.3 + 0.21, 0.9 + 0.71} 

= min {0.3, 0.9} + min {0.21, 0.71} 

- 0.3 + 0.21. 

Let x = 0.7 + 0.41 

y = 0.6 + 0.51 and z = 0.4 + 0.91 e P N . 

x x min { y, z} = x x min {0.6 + 0.51, 0.4 + 0.91} 

= x x 0.4 + 0.51 
= (0.7 + 0.41) (0.4 + 0.51) 

= 0.28 + 0.161 + 0.351 + 0.201 
= 0.28 + 0.711 ... I 

Consider min {xxy,xxzj 

= min {0.7 + 0.41 x 0.6 + 0.51, 0.7 + 0.41 x 0.4 + 0.91} 

= min [0.42 + 0.241 + 0.351 + 0.201, 0.28 + 0.161 + 0.631 + 
0.361} 

= min {0.42 + 0.791, 0.28 + 0.151} 

= 0.28 + 0.15 ... II 

Clearly I and II are distinct so the operation x and min are 
not distributive. 



That is why we have define P N to be a pseudo semiring. 
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This semiring has pseudo subsemirings, pseudo ideals and 
pseudo filters defined in a very special way. 

Let T n = {(0, 0.5), x, min} be the pseudo subsemiring. 
Clearly T N is not a filter P N for any x e P N and y e T N we see 
x x y g T n . 

T n is not an ideal for min{x, y} g T N for all x e P N . 

Thus only in this pseudo subsemiring we see it is not a filter. 

Distributive laws in general are not true in P N = { U N , min, x} 
the semiring that is why we use the term pseudo semiring. 

Let x = 0.9 + 0.41, y = 0.6 + 0.61 and z = 0.2 + 0.81 e P N . 
x x min { y, z} = 0.9 + 0.41 x min {0.6 + 0.61, 0.2 + 0.81} 

= 0.9 + 0.41 x {0.2 + 0.61} 

= 0.18 + 0.541 + 0.081 + 0.241 
= 0.18 + 0.861 ... I 

min {x x y, x x z} 

= min {0.9 + 0.41 x 0.6 + 0.61, 0.9 + 0.41 x 0.2 + 0.81} 

= min {0.54 + 0.241 + 541 + 0.241, 

0.18 + 0.081 + 0.721 + 0.321} 

= min {0.54 + 0.021, 0.18 + 0.121} 

= 0.18 + 0.21 ... II 

I and II are distinct. 

x x min { y, z } + min {xxy, xxzjin general. 

So P N is a pseudo semiring. We construct several such 
pseudo semiring using P N . 

Example 3.11: Let 

M = {(ai, & 2 , a 3 , a*) where a ; e P N , 1 < i < 4, min, x} be the 
special fuzzy neutrosophic unit square row matrix pseudo 
semiring. 

M has several pseudo subsemirings some of which are 
pseudo ideals. 
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We see M has no pseudo subsemiring of finite order say 
order two order three and so on. 

Pi = {(a b 0, 0, 0) I a! g P N ; min, xjcMisa special fuzzy 
pseudo subsemiring which is also an ideal of M. 

Example 3.12: Let 



a , 

a 2 



ai g P N , 1 < i < 4, min, x } 



be the special fuzzy neutrosophic unit square pseudo semiring 
of infinite order. N has pseudo subsemirings which have no 
proper pseudo ideals. 




ai g P N , min, x} c= N, 



0 

a 2 

0 

0 

0 



a 2 g Pn, nrin, x } c N, 
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B,= 



aj, g Pn, min, x } c N, 



B 4 = 



0 

0 

0 

a 4 

0 



a 4 g P N , min, x } cN, . . ., 



B 15 — 



0 

0 

0 

0 

0 



ai 5 g P N , min, x } c N 



a 



15 



are all pseudo subsemirings which are also pseudo ideals of 
infinite order. 
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Take 



Ti = 



0.2 + 0.31 
0 

0.4 + 0.51 
0 
0 
0 
0 
0 
0 
0 
0 

0.951 

0.91 

0.7 + 0.21 
0 



cN; 



T! is only a subset however if we generate (T,) we see ITJ = co. 

Now no finite subset can be an pseudo subsemiring of N. 
Example 3.13: Let 



W = 



a, a, 



aj g P N = {Un, x, min}; 1 < i < 30} 



be the special fuzzy neutrosophic pseudo semiring of infinite 
order. 

We see W has no subsemirings of finite order. Inview of 
this we give the following theorem. 
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THEOREM 3.2: Let P N ~ jU N , x, min j be the special fuzzy 
neutrosophic unit semi open square pseudo semiring. 

( 1 ) All subsemirings ofP N are of infinite order. 

(2) P N has subsemirings which are not ideals. 

The proof is direct and hence left as an exercise to the 
reader. 

Example 3.14: Let 

a i a 2 ••• a i0 

V=< a n a 12 ... a 20 a; e P N = {Un, x. min}; 1 < i < 30} 

L a 2 i a 22 ••• a 3oJ 

be the special fuzzy neutrosophic pseudo semiring. 

V has infinitely many pseudo subsemirings and ideals. All 
of them are only of infinite order. 

Example 3.15: Let 

a i a 2 a 3 a 4 

M=< , 5 , 6 , 7 , 8 a ; g P N = {U N , x, min}. 1 < i < 64} 

_ a 61 a 62 a 63 a 64_ 

be the special fuzzy neutrosophic matrix pseudo semiring. 

This M has infinite number of zero divisors and 
idempotents. 

M has several pseudo subsemrings of infinite order which 
are not ideals. M also has pseudo ideals of infinite order. 
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Example 3.16: Let 

T = { (ai a 2 I a 3 a 4 as I I a; e P N = {Un, x, min} 1 < i < 6} be 
the special fuzzy neutrosophic unit open square super matrix 
pseudo semiring of infinite order. 

We see Pi = { (ai a 2 1 0 0 0 I 0) I ai, a 2 e P N = {Un, x, min}} 
c T is a pseudo subsemiring which is also a pseudo ideal of T. 

M = {(ai a 2 1 0 0 0 I 0) I ai = C] + dd. a 2 = c 2 + d 2 I, ci, c 2 , di, 
d 2 e [0, 0.5)} c T is not a pseudo subsemiring of infinite order 
so naturally is not a pseudo ideal of T. 

If (0.3 + 0.41. 0.2 + 0.31 I 0 0 0 I 0) = x and y = (0.3 + 0.41, 
0.21 + 0.451 1 0 0 0 I 0) e M, consider 

x x y = (0.3 + 0.41, 0.2 + 0.31 I 0 0 0 I 0) x (0.3 + 0.41, 0.21 
+ 0.451 1 0 0 0 I 0) 

= (0.09 + 0.121 + 0.121 + 0.161, 0.42 + 0.091 + 0.0631 + 
.125110 0010) 

= (0.09 + 0.51, 0.42 + 0.2781 1 0 0 0 I 0) 
g M so M is not even closed under x. 

Example 3.17: Let 




ai e Pn = {U N , x n , min}, 1 < i < 9} 
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be the special fuzzy neutrosophic semi open unit square super 
matrix pseudo semiring of infinite order. 

V has infinite number of zero divisors and idempotents. V 
has several pseudo subsemirings and ideals all of which are of 
infinite order. 

Example 3.18: Let 



a l 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


a 8 


a 9 


a io 


a il 


a i2 


a i3 


a i4 


a i5 


a !6 


a i7 


a i8 


a i 9 


a 20 


a 2l 


a 22 


a 23 


a 24 


a 25 


a 26 


a 27 


a 28 


a 29 


a 30 


a 31 


a 32 


a 33 


a 34 


a 35 


a 36 


a 37 


a 38 


a 39 



£L[ £ P N — {U N , x n , min} 1 < i < 39} 



be the special fuzzy neutrosophic unit semi open square super 
matrix pseudo semiring of infinite order. 

V has infinite number of zero divisors and idempotents. V 
has infinite number of pseudo subsemirings of infinite order. 

V has also pseudo ideals of infinite order. V has no pseudo 
subsemirings of finite order. 
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Example 3.19: Let 



r 


/ 






\ 


T = i 


a i 


a 2 a 3 a 4 


a 5 a 6 


a 7 




1 


v a 8 






a i4. 





a ; e P N = {Un, x, min} 



1 < i < 14} be the special fuzzy neutrosophic unit semi open 
square pseudo semiring of infinite order. 



T has infinite number of zero divisors and idempotents. T 
has infinite number of pseudo ideals of infinite order and 
pseudo subsemirings of infinite order which are not ideals. 



Take 



M = 




a 2 a 3 a 4 


0 


0 


0" 


0 0 0 


0 


0 


oj 



a! e P N = {U N , x, min}} 



and a 2 , a 3 , a 4 e [0, 1) } c; T, 



M is a pseudo subsemiring of infinite order which is not a 
pseudo ideal of T. 

We now proceed onto describe pseudo ring using the fuzzy 
neutrosophic unit square. 

Example 3.20: Let R N = {a + bl I a, b e [0, 1), +. x} be the 
special fuzzy neutrosophic unit semi open square pseudo ring of 
infinite order. 

R n has pseudo subrings of infinite order. R N has pseudo 
ideals of infinite order. 

P n = { al I a e [0, 1), +, x} c R n is a pseudo ideal of R N . 

T n = {a I a g [0, 1), +. x} is a pseudo subsemiring of R N 
which is not an ideal of R N . 
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Let x = 0.3 + 0.711, y = 0.2 + 0.51 and z = 0.21 + 0.21 e R N . 
Consider x x (y + z) 

= (0.3 + 0.71) x [0.2 + 0.51 + 0.21 + 0.21] 

= (0.3 + 0.71) x (0.41 + 0.71) 

= 0.123 + 0.2871 + 0.211 + 0.2871 
= 0.123 + 0.7841 ... I 

Consider x x y + x x z 

= 0.3 + 0.71 x 0.2 + 0.51 + 0.3 + 0.71 x 0.21 + 0.21 
= (0.06 + 0.141 + 0.151 + 0.351) + 

(0.063 + 0.1471 + 0.061 + 0.141) 

= 0.123 + 0.0591 ... II 

Clearly I and II are distinct hence x x(y + z) + xy + xz in 
general for all x, y,ze R N . 

That is why we call R N as the pseudo ring. 

Let N={a + blla, be [0.2), x, +} c R N . N is only a set 
and is not a pseudo ring. 

For N is not even closed under + as if x = 0.1 + 0.121 and 
y = 0.15 + 0.181 inN 

x + y = 0.1 + 0 . 121 + 0.15 + 0.181 
= 0.25 + 0.301 g N. 

Hence the claim. 

Now we build other pseudo rings using the pseudo ring R N 
which is illustrated by the following examples. 

Example 3.21: Let 

R = { (ai, & 2 , 84 ) I ai e Un, 1 < i < 4, x, +} be the special 

fuzzy neutrosophic unit semi open square row matrix pseudo 
ring of infinite order. 
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R has infinite number of zero divisors. R has pseudo ideals 
of infinite order. 



a i 

a 2 



Example 3.22: Let S= ■! 



^ g U N , 1 <i< 10, x n , +} 



a 



10 



be the special fuzzy neutrosophic unit semi open square column 
matrix pseudo ring of infinite order under the natural product x n 
of matrices. 

S has atleast 10 pseudo subrings which are also pseudo 
ideals. 

S has infinite number of zero divisors. 



Example 3.23: Let 



a ! 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


a 8 


a 9 


a io 


a il 


a i2 


a i3 


a i4 


a i5 


a i6 



^ g U N , 1 < i < 16, x n , +} 



be the special fuzzy neutrosophic unit semi open square pseudo 
ring. 

S has infinite number of zero divisors, no idempo tents and 
no units. 

All pseudo subrings of S are of infinite order. All ideals in 
S are also of infinite order. 
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T° 


0 


0 


0" 


0 


0 


0 


0 


0 


0 


0 


0 


1 

0 


0 


0 


0 1 



ai 6 U N , x n , +)cS 



is a pseudo subring which is also a pseudo ideal. Infact P has 
atleast \ 6 C\ + 16C2 + ... + i^Cis number of pseudo subrings 
which are pseudo ideals of S. 



Example 3 . 24 : Let 



M = 



a i 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


a 8 


a 9 


a io 


a il 


a i 2 


a i3 


a i4 


a i5 


a i6 


a i7 


a i8 


a i9 


a 20 


a 21 


a 22 


a 23 


a 24 


a 25 


a 26 


a 27 


a 28 


a 29 


a 30 


a 31 


a 32 



^ e U N , 1 <i < 16 . x n , +} 



be the special fuzzy neutrosophic unit square matrix pseudo 
ring. 

M has atleast 32 Ci + 32C2 + ... + 32C31 number of distinct 
pseudo subrings which are pseudo ideals of M. 

Inview of all these we have the following theorem. 



THEOREM 3.3: Let M = { Collection of all m xn matrices with 
entries from U N - {a + bl I a, b £ [0, 1)}, +, xj be the special 
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fuzzy neutrosophic unit semi open square m x n matrix pseudo 
ring. 

A/ has atleast m - xll C / + mxn^2 "t - ... mxn^dmxn-i numbet of 
distinct pseudo subrings which are pseudo ideals. 

The proof is direct hence left as an exercise to the reader. 

However we leave the following open problem. 

Can M in theorem have any other pseudo ideals? 

Example 3.25: Let 

S = (a! a2 I a3 a.4 as I a 6 ) I a ; e Un, +, x, 1 < i < 6} be the special 
fuzzy neutrosophic unit semi open square super row matrix 
pseudo ring. 

S has atleast 6 Ci + 6C2 + 6C3 + 6C4 + 6C5 pseudo subrings 
which are pseudo ideals. 

N = { (ai a 2 I a 3 a 4 as I a 6 ) I ai &2 a.3 g Un = {a + bl I a, b g 
[0, 1), 84, as, a6 g [0.1), +, x} c S be a special fuzzy 
neutrosophic unit semi open square pseudo subring. 

Clearly N is not an ideal of S. 

Let M = { (ai a2 1 a3 a4 as I 0) I aj a2 a3 a4 g Un = { a + bl I a, b 
g [0, 1), a 4 , as, a.6 g [0, 1); +, x] c S be a special fuzzy 
neutrosophic unit semi open square pseudo subring. 

Clearly N is not an ideal of S. 

Let M = { (ai a2 1 a3 a4 as I 0) I ai a2 a3 a4 g Un = { a + bl I a, b 
g[0, 1)}, a 5 g [0, 1 );+,x)cS be the pseudo subring. 

Clearly M is not a pseudo ideal of S. 
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Example 3.26: Let 

a 3 

a 5 
a 6 
a 7 

a 9 

a io 

a il 



a i4 

1 <i< 14, x, +} 



be the special fuzzy neutrosophic unit semi open square super 
column matrix pseudo ring. 

P has several pseudo subrings which are pseudo ideals. 

P also has pseudo subrings which are not pseudo ideals of 
P. 



aj e U N = {a + bl I a, b e [0, 1)}, 
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Example 3.27: Let 





1 


a 2 


a 3 




a 4 


a 5 


a 6 




a 7 


a 8 


a 9 




a io 


a il 


a i2 




a i3 


a i4 


a i5 




a !6 


a n 


a i8 




a i9 


a 20 


a 2j 




a 22 


a 23 


a 24 




a 25 


a 26 


a 27 




_ a 28 


a 29 


a 30_ 



a ; e Un = {a + bl I a, b e [0, 1)}. 



1 < i < 30, x, +} 

be the special fuzzy neutrosophic unit semi open square super 
column matrix pseudo ring. 

Clearly M has infinite number of zero divisors. M has 
pseudo ideals and pseudo subrings. 

We as in case of usual rings study several properties about 
pseudo rings. 

The only problem in case of pseudo rings is that they do not 
in general obey the distributive law. 

Homomorphism and other properties are defined for pseudo 
rings also. 

We suggest several problems some are simple and some are 
really difficult. 

We have given every type of pseudo ring in the exercise. 
However several properties can be derived provided they are not 
dependent on the distributive laws. 
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Problems: 

1. Enumerate any of the special properties enjoyed by 
S N = {Un. max, min} the special fuzzy neutrosophic 
unit semi open square semiring. 

2. Prove Sn has infinite number of finite subsemirings 
which are not ideals or filters of S N . 

3. Can S N have filters of finite order? 

4. Can S N have ideals of finite order? 

5. Prove S N has several distributive lattices. 

6. Can S N have as subsemirings which are isomorphic to 
Boolean algebras of all orders? 

7. Prove Sn cannot have subsemirings isomorphic to 
Boolean algebras of order greater than or equal to four. 

8. Can we say S N has a subsemiring whose lattice diagram 
is given below? (a; e S N ; 1 < i < 4). 




a 2 



9 . 



Can S N have a subsemiring which is isomorphic to the 
distributive lattice; whose Hasse Diagram is given in 
the following? 
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^8 




(where a; e S N ; 1 < i < 8) 

10. Can S N have subsemiring of finite order which is 
isomotphic to a distributive lattice of order 2 n +l? 

1 1 . Let 

M = { (ai, a 2 , ajo) I a ; e Un, 1 < i < 10, max, min} be 
the special fuzzy neutrosophic unit square semiring of 
infinite order. 

(i) Show every element x with (0 00000000 0) 
is a subsemirings of order two. 

(ii) Show M has subsemirings of every order. 

(iii) Show M has subsemirings of infinite order. 

(iv) Show no ideal of M can be of finite order. 

(v) Show M has zero divisors under min operation. 

(vi) Can a subsemiring in M be both an ideal and 
filter? 



(vii) Show no filter of M can be of finite order? 
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(viii) Prove every subset of M can be completed to a 
subsemiring. 



12 . 




a ; e U N , max, min, 1 < i < 8 } be the 



special fuzzy neutrosophic unit square column matrix 
semiring of infinite order. 

Study questions (i) to (viii) of problem 1 1 for this N. 



13. 



Let 



P = 



*29 



*36 



aj g Un, max, min, 



*37 



*38 



*45 



1 < i < 54} be the special fuzzy neutrosophic unit semi 
open square column matrix semiring. 

Study questions (i) to (viii) of problem 1 1 for this P. 




202 



Algebraic Structures on Fuzzy Unit Square ... 



14. Let X = 



a l 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


a 8 


a 9 


a io 


a n 


a i2 


a i3 


a i4 


a i5 


a i6 



a; e Un, 1 < i < 16, 



min, max} be the special fuzzy neutrosophic unit semi 
open square matrix semiring. 

Study questions (i) to (viii) of problem 1 1 for this X. 



15. Let Y = {(a! a 2 I a 3 a 4 I a 5 a 6 a 7 1 a 8 a 9 1 a 10 ) I a ; e U N , 1 < i 
<10, min, max} be the special fuzzy neutrosophic unit 
semi open square semiring. 



16. 



Study questions (i) to (viii) of problem 1 1 for this Y. 
Let 



W = 



a; e Un, 1 < i < 1 1, min, max} be the 



special fuzzy neutrosophic unit semi open square 
semiring. 

Study questions (i) to (viii) of problem 1 1 for this W. 
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17. Let 



a l 


a 2 


a 3 


a 4 


a 5 


a 6 


cl? 


a 8 


a 9 


a io 


a il 


a i2 


a i3 










a i8 


a i9 










a 24 


a 25 










a 30 


a 31 










a 36 


a 37 










a 42 


a 43 










a 48. 



a ; e U N , 



1 < i < 48, min, max} 

be the special fuzzy neutrosophic unit semi open square 
super matrix semiring. 

Study questions (i) to (viii) of problem 1 1 for this W. 





' 


/ 








\ 1 






a i 


a 2 a 3 a 4 


a 5 a 6 


a 7 


a 8 




18. Let V = < 




a 9 


a io 






a i6 








V a i7 


a i8 






a 24 y 





Un, 1 < i < 24, min, max} be the special fuzzy 
neutrosophic unit semi open square super matrix 
semiring. 

Study questions (i) to (viii) of problem 1 1 for this V. 



19. Distinguish between pseudo semiring 

P N = {Un, x, min} and semiring S N = {Un, min, max}. 
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20 . 



a l 


a 2 


a 3 


a 4 


a 5 


a 6 


<1? 


a 8 


a 9 


a io 


a il 


a i2 


a i3 


a i4 


a i5 


a !6 


a i7 


a i8 


a i 9 


a 20 


a 21 


a 22 


a 23 


a 24 


a 25 


a 26 


a 27 


a 28 


a 29 


a 30 


a 31 


a 32 


a 33 


a 34 


a 35 


a 36 


a 37 


a 38 


a 39 


a 40 


a 41 


a 42 


a 43 


a 44 


a 45 


a 46 


a 47 


a 48 


a 49 


a 50 


a 5l 


a 52 



a ; e U N , 1 < i < 52, 



min, x, +} be the special fuzzy neutrosophic unit semi 
open square semiring. 

Study questions (i) to (viii) of problem 1 1 for this V. 



2 1 . Distinguish between pseudo semiring 

Pn = {Un, x, min} and semiring pseudo ring {Un. +, x}. 

22. Characterize those filters in S N = {U N , min, max}. 

23. Can P N = {Un, x, min} have pseudo filters? 

24. Can the pseudo semiring T N have finite order pseudo 
subsemiring? 

25. Can pseudo semiring P N has finite order pseudo filters? 

26. Let P N = {U N , min, x} be the pseudo fuzzy neutrosophic 
unit semi open square pseudo semiring. 
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(i) Can a pseudo filter be a pseudo ideal and vice 
versa? 

(ii) Can P N have finite pseudo subsemirings? 

(iii) Can P N have cyclic pseudo subsemirings? 

(iv) Can a pseudo cyclic subsemiring be an ideal? 

(v) Can P N have zero divisors? 

(vi) Can P N have finite pseudo filters? 

27. Let 

V = {(a!, a 2 , a 3 , a 4 , a 5 , a 6 , a 7 ) I a, e U N , max. x, 1 < i < 
7 } be the special fuzzy neutrosophic unit square pseudo 
semiring. 

Study questions (i) to (vi) of problem 26 for this V. 



28. 



Let 



W = i 



a 8 

a Q 



aj e Un, min, x, 1 < i < 13} be the 



special fuzzy neutrosophic unit square pseudo semiring. 



Study questions (i) to (vi) of problem 26 for this W. 
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29. 





1 


a 2 


a 3 


a 4 


P 

1 




a 6 


a 7 


a 8 


a 9 


a io 




a il 


a i2 


a i3 


a i4 


a i5 




a i6 


a !7 


a i8 


a i9 


a 20 




a 21 


a 22 


a 23 


a 24 


a 25 




a 26 


a 27 


a 28 


a 29 


a 30 




_ a 31 


a 32 


a 33 


a 34 


a 35 _ 



a; e Un, min, x, 



1 < i < 35} 

be the fuzzy neutrosophic unit square pseudo semiring. 
Study questions (i) to (vi) of problem 26 for this S. 



30. 



Let S= < 



V a 25 



*36/ 



aj e Un, min, x, 



1 < i < 36} 

be the fuzzy neutrosophic unit square pseudo semiring. 

Study questions (i) to (vi) of problem 26 for this S. 

31. Let B = { (ai a 2 1 a 3 a 4 I as a6 I ag ag I aio) I a ; e Un, min, 
x, 1 < i < 10} be the fuzzy neutrosophic unit square 
pseudo semiring. 

Study questions (i) to (vi) of problem 26 for this B . 
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32. 



Let M = 



a l 


a 2 


a 3 


a 4 


a 5 


a 6 


a? 


a 8 


a 9 


a io 


a il 


a i2 


a i3 


a i4 


a i5 


a i6 


a i7 


a i8 


a i9 


a 20 


a 2 i 


a 22 


a 23 


a 24 


a 25 


a 26 


a 27 


a 28 



a; e Un, min, x, 1 < i < 28} be 



the special fuzzy neutrosophic unit square super column 
matrix pseudo semiring. 

Study questions (i) to (vi) of problem 26 for this M. 



33. 



Let T = 



a, 

a 5 



a 



13 



a 2 


a 3 


a 4 


a 6 


a 7 


a 8 


a io 


a il 


a i 2 


a i4 


a i5 


a i6 



a ; e Un, x } be a fuzzy 



neutrosophic pseudo semiring. 

Study questions (i) to (vi) of problem 26 for this T for 
any special fuzzy neutrosophic unit square super square 
matrix pseudo semiring. 
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34. Study questions (i) to (vi) of problem 26 for any special 
fuzzy neutrosophic unit square rectangular super matrix 
semiring. 

35. Obtain any special properties associated with special 
fuzzy neutrosophic unit square pseudo ring. 

36. Can a pseudo ring R N = {a + bl I a, b e [0, 1), x, +} 
have idempotents? 

37. Can the pseudo ring R N in problem 36 be a S-pseudo 
ring? 

38. Can the pseudo ring R N in problem 36 have S-units? 

39. Can the pseudo ring R N in problem 36 have finite 
pseudo subrings? 

40. Can the pseudo ring R N in problem have pseudo ideals? 

41. Can the pseudo ring R N in problem 36 have subring 
which satisfy the distributive law? 

42. Can the pseudo ring R N in problem 36 have S-zero 
divisors? 

43. Let M = {(ai, a 2 , ai 5 ) I a ; e Un, +, x, 1 < i < 15} be 
the special fuzzy neutrosophic unit semi open square 
row matrix pseudo ring of infinite order. 

(i) Can M have finite pseudo subrings? 

(ii) Can M have finite pseudo ideals? 

(iii) Can M have infinite number of pseudo ideals? 

(iv) Find those pseudo subrings which are not pseudo 
Ideal. 

(v) Prove M has infinite number of zero divisors. 

(vi) Prove M has no idempotents. 

(vii) Can M have units? 

(viii) Can M have S-zero divisors? 
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(ix) Can M be a pseudo Smarandache ring? 



44. 







" a i ’ 








a 2 




Let T - • 




a 3 








_ a i5 _ 





aj g U N = {a + bl I a, b e [0. 1), 



1 < i < 15, +, x} 



be the special fuzzy neutrosophic unit square pseudo 
ring. 

Study questions (i) to (ix) of problem 43 for this T. 



45. 



Let W = i 



V a 21 



*30 7 



a; g Un = { a + bl I a, b 



g [0. 1), 1 < i < 30, +, x} 

be the special fuzzy neutrosophic unit square pseudo 
ring. 

Study questions (i) to (ix) of problem 43 for this W. 



46 . 




a; g Un = { a + bl I a, b g 



[0,1), 1 < i < 33, +, x} 

be the special fuzzy neutrosophic unit semi open square 
pseudo ring. 
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Study questions (i) to (ix) of problem 43 for this P. 



47. 



Let M = < 



a i a 2 

a 7 a 8 
a i3 a W 

a, Q a,. 



a,, a 



32 



36 



a ; g U N = {a + bl I a. b 



g [0, 1), 1 < i < 36. +, x} 

be the special fuzzy neutrosophic unit semi open square 
pseudo ring. 

Study questions (i) to (ix) of problem 43 for this M. 



48. 



Let N = 



a i a 9 



*36 



*54 



a; g U N = { a + bl I a. b 



g [0, 1), 1 <i<54. +, x} 

be the special fuzzy neutrosophic unit semi open square 
pseudo ring. 



Study questions (i) to (ix) of problem 43 for this N. 



49. Let W = {(ai aa I a 3 a 4 as I a6 a 7 1 ag) I a ; g U n = {a + bl I 
a, b g [0, 1), 1 < i < 8. +, x} be the special fuzzy 

neutrosophic unit semi open square pseudo ring. 

Study questions (i) to (ix) of problem 43 for this W. 
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50. 



Let P = 



a l 


a 2 


a 3 


a 4 


a 5 


a 6 


^7 


a 8 


a 9 


a io 
















a i8 


a i 9 
















a 27 


a 28 
















a 36 


a 37 
















a 45 


a 46 
















a 54 


a 55 
















a 63 


a 64 






a 72 



51. 



a ; g U N = {a + bl I a, b e [0, 1), 1 < i < 72. +, x} be the 
special fuzzy neutrosophic unit semi open square 
pseudo ring. 

Study questions (i) to (ix) of problem 43 for this P. 

Let T = 



a i 


a 2 a 3 


a 4 a 5 a 6 


a 7 a 8 


a y 




a io 


a il a i2 


a i3 a i4 a i5 


a i6 a i7 


a i8 _ 





a, 



U N = {a + bl I a. b e [0. 1), 1 < i < 17, +, x} be the 
special fuzzy neutrosophic unit semi open square 
pseudo ring. 

Study questions (i) to (ix) of problem 43 for this T. 



a i 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


a 8 


a 9 


a io 


a il 


a i2 


a i3 


a i4 


a i5 


a i6 


a i7 


a i8 


a !9 


a 20 


a 2l 


a 22 


a 23 


a 24 


a 25 














a 32 


a 33 














a 40 


a 41 














a 48 


a 49 














a 56. 



52. 



Let L = i 
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a ; e U N = {a + bl I a, b e [0, 1), 1 < i < 56, +, x} be the 
special fuzzy neutrosophic unit square pseudo ring. 

Study questions (i) to (ix) of problem 43 for this L. 



53. 



Let M = 



a l 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


a 8 


a 9 


a io 


a il 


a i2 


a i3 


a i4 


a i5 


a i6 


a i7 


a i8 


a !9 


a 20 


a 21 


a 22 


a 23 


a 24 


a 25 


a 26 


a 27 


a 28 


a 29 


a 30 


a 31 


a 32 


a 33 



a; s Un = {a + bl I a, b e 



[0,1), 1 < i < 33, +, x n } be the special fuzzy 
neutrosophic unit semi open square pseudo ring. 

Study questions (i) to (ix) of problem 43 for this M. 

54. Let W = (U N x U N x U N ) I U N = {a + bl I a, b e [0, 1), 
+, x} be the special fuzzy neutrosophic unit semi open 
square pseudo ring. 

Study questions (i) to (ix) of problem 43 for this W. 

55. Obtain some special features enjoyed by fuzzy 
neutrosophic unit semi open square pseudo rings. 
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In this book authors build algebraic structures 
on fuzzy unit semi open square U r - {(a, h) | 
a, b in fo t 1 1 } and on the fuzzy neutros op hie unit 
semi open square U a - (a + bl | a, b in (d, i}}. 

As distributive laws are not true we are not 
in a position to develop several properties 
of rings, semirings and linear algebras. 

Several open conjectures are proposed. 
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